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PEEFACE. 

The present work contains all the propositions which 
are usually included in treatises on Plane Trigonometry, 
together with more than six hundred examples for exer- 
cise. The design has been to render the subject intelligible 
to beginners, and at the same time to afford the student the 
opportunity of obtaining all the information which he will 
require on this branch of Mathematics. The work is di- 
vided into a large number of chapters, each of which is 
in a great measure complete in itself. Thus it will be easy 
for teachers to select for pupils such portions as will be 
suitable for them in their first reading of the book. Each 
chapter is followed by a set of examples; those which are 
entitled Miscellaneous Examples, together with a few in 
some of the other sets, may be advantageously reserved by 
the student for exercise after he has made some progress 
in the subject. 

As the text and the examples of the present work have 
been tested by considerable experience in teaching, the 
hope may be entertained that they will be suitable for 
imparting a sound and comprehensive knowledge of Plane 
Trigonometry, together with readiness in the application 
of this knowledge to the solution of problems. Any sug- 
gestions or corrections from students and teachers will be 
most thankfully received. 

I. TODHUNTER. 

St. John's Collbox, 
Feb, 21, 1859W 

In the second edition the work has been revised, and the 
hints for the solution of the examples have been considerably 
increased. 

December, i860. 
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PLANE TRIGONOMETRY. 



I. MEASTJKEMENT OP ANGLES BY DEGREES 
OR GRADES. 

1. The word Trigonometry is derived from two Greek words, 
one signifying a triangle and the other signifying / measure, and 
originally denoted the science in which the relations subsisting 
betv^een the sides and angles of a triangle were investigated; the 
science was called plane trigonometry, or spherical trigonometry, 
according as the triangle was formed on a plane surface or on a 
spherical surface. Plane Trigonometry has now a wider meaning, 
and comprises all algebraical investigations wii^ respect to plane 
angles, whether forming a triangle or not. 

2. We have first to explain how angles are measured. A 
plane rectilineal angle is defined by Euclid as the inclination of two 
straight lines to one another which meet together, but are not in 
the same straight line. And when a straight line standing on 
another makes 'the adjacent angles equal to one another, each 
of the angles is called a right angle, A right angle is divided into 
90 equal parts called degrees, a degree is divided into 60 e<][ual 
parts called rniivutes, and a minute into 60 equal parts called 
seconds. Thus any angle may be estimated by ascertaining the 
number of degrees it contains; if the angle does not contain an 
exact nimiber of degrees, we can express it in degrees and a fraction 
of a degree; or the fraction of a degree may be converted into 
minutes and seconds. 

3. Thus, for example, half a right angle contains 45 degrees ; 
a quarter of a right angle contains 22^ degrees, which we may write 

T. T. - 1 
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2 MEASUREMENT OF ANGLES BY DEGREES OB GRADES. 

in the decimal notation 22*5 degrees, or we may express it as 
22 degrees, 30 minutes. Similarly, if a right angle be divided into 
16 equal parts, each part contains 5| degrees, that is, 5 degrees, 
37 minutes, 30 seconds. 

4. Symbols are used as abbreviations of the words degrees, 
nmitUeSj seconds. Thus 5° 37' 30" is used to denote 5 degrees, 
37 minutes, 30 seconds. 

6. The method of estimating angles by degrees, minutes, and 
seconds, is almost universally adopted in practical calculations. 
Another method was proposed in France in connexion with a 
uniform system of decimal tables of weights and measures. In 
this method a right angle is divided into 100 equal parts called 
grades, a grade is divided into 100 equal parts called ndnitteSf and 
a minute is divided into 100 equal parts called seconds. On 
account of the occurrence of the number one hundred in forming 
the subdivisions of a right angle, this method of estimating angles 
is called the centesimal method; and the common method is called 
the sexagesimal method on account of the occurrence of the num- 
ber sixty in forming the subdivisions of a degrea The centesimal 
method is also called the French method, and the common method 
is called the English method. 

6. Symbols are used as abbreviations of the words grades, 
md/niUes, and seconds, in the centesimal method. -Thus 5' 3T 3ff^ 
is used to denote 5 grades, 37 minutes, 30 seconds in the 
centesimal method. A centesimal minute and second are not the 
same as a sexagesimal minute and second, and the accents which 
are used to denote centesimal minutes and seconds differ from 
those which are used to denote sexagesimal minutes and seconda 

7. In the centesimal method any whole number of minutes 
and seconds may be expressed immediately as a decimal fraction of 

37 

a grade. Thus 37 minutes is r^r^ of a grade, that is '37 of a 

30 
grade; and 30 seconds is /ttttnxi of a grade, that is '003 of a grade. 
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Hence 5» 37^ 30^^ may be written 5«*373; and since a grade is 

(1 \* 
j^j of a right angle, 5»-373 may be written as 05373 of a 

right angla Kotwithstanding this great advantage of the cen- 
tesimal method, the sexagesimal method has been retained in 
practical calculations, because the latter had become thoroughly 
established by long use in mathematical works, and especially in 
mathematical tables, before the former was proposed; and such 
works and tables would hare been rendered almost useless by the 
change in the method of estimating angles. 

8. We will now shew how to compare the numbers which 
measure the same angle in the English and French methods. 

Let D be the number of degrees contained in any angle, G the 
ntmiber of grades contained in the same angle. Then since there 

are 90 degrees in a right angle, ^ expresses the ratio of the given 

angle to a right angle; and since there are 100 grades in a right 

100 



angle, j^ also expresses the ratio of the given angle to a right 



angla 
Hence 



90 "100^ 



ibe^fore ^=^0^4^ = -^- FO^' 

and e = ^2)=^i)=i) + ^2>. 

The formula 2) = G^- ^a ^ gives the following rule; From the 

number of grades contained in any a/ngle subtract one-tenth of that 
number^ the remainder is the number of degrees contained in the 
angle. 

The formula ff = 2) + ^ Z> gives the following rule ; To the num- 
ber of degrees contained in amy wngle add one-ninth of that number, 
the Slum is the number of grades contained in the cmgh, 

1—2 



4 MEASUREMENT OP ANGLES BY DEiGEEES OR GRADES. 

9. Again, let m be the number of English minutes contained 
in any angle, fi the number of French minutes contained in the 
same angle. Then since there are 90 x 60 English minutes in a 

Tfh 

right angle, ^ — ^ expresses the ratio of the given angle to a right 
angle; and since there are 100 x 100 French minutes in a right 
angle, -i aa t a/^ ^^^o expresses the ratio of the given angle to a 
right angle. Hence 

90 X 60"" 100 X 100' 

^, - 9x6 27 

therefore ^ = rolTTO '^ = 50 '^^ 

and A* = 27^ 

Similarly, if 8 be the number of English seconds contained in 
any angle, and o- the number of French seconds contained in the 
same angle, 

8 a- 



therefore 
and 



10. The angles considered in (Geometry are m general less 
than two right angles. We say in general, because angles greater 
than two right angles are not altogether excluded. For we may 
refer to the proposition that in equal circles, angles, whether at the 
centres or the circumferences, have the same ratio which the cir- 
cumferences on which they stand have to one another; here th^re 
is no limit to the magnitude of the circumferences, and conse- 
quently no limit to the magnitude of the angles; and in the course 
of the demonstration given by Euclid, an angle occurs which may 



90 X 60 X 60 ' 


' 100 X 100 


xlOO' 






» = 


81 
~250''' 








<r = 


250 
= 81'- 
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MEASUREMENT OF ANGLES BY DEGREES OB GRADES. 5 

be am/y mtUtiple whatever of a ffiven cmgle, and so may be as great 
as ux please, 

11. It is however usual in works on Trigonometry expressly 
to state tbat there is to be no restriction with respect to the mag- 
nitude of the angles considered. Let BAD be any straight line, 




CAJS 3, straight line at right angles to the former. Suppose a line 
AF to revolve ix)und one end A, starting from the fixed position 
AB. When AP coincides in direction with AC, the angle which 
has been described is a right angle; when AP coincides in direc- 
tion with ADy the angle described is two right angles; when AF 
coincides with AE, the angle described is three right angles ; when 
AP coincides with AB, the angle described is four right angles. 
Then as AP proceeds through a second revolution, the angle de- 
Bpribed will be greater than four right angles. Thus if AP be 
situated midway between AB and AC, the angle between AB and 
AP will be halfsL right angle if ^P be supposed in its first revolu- 
tion,; the angle will be four right angles and a half if AP be 
sapposed in its second revolution; the angle will be eight right 
angles and a half if AP be supposed in its third revolution ; and 
so on. 



^ EXAMPLES. CHAPTER I. 

12. The straight lines GAE and BAD form by their intersec- 
tion four right angles; these are called quadrants. BAG is called 
iine first quadrcmt^ GAD the second quadrarvt, DAE the third quad- 
ranty and EAB the fofwrth quadrant* Kow suppose any angle 
formed by the fixed line AB and the moveable line AF; i{ AP is 
situated in the first quadrant^ the angle BAF is said to be in the 
first quadrant; if AF is situated in the second quadrant, the angle 
is said to be in the second quadrant; and so on« 



EXAMPLES. 

1. The difference of two angles is 10 grades and their sum is 
45 degrees; find each angle. 

2. Divide two-thirds of a right angle into two parts, such that 
the number of degrees in one part may be to the number of grades 
in the other part as 3 to 10. 

3. Divide half a right angle into two parts, such that the 
number of degrees in one part may be to the number of grades in 
the other part as 9 to 5. 

4. Find the measure of V S"^ in decimals of a degree. 

5. Divide an angle which contains n degrees into two parts, 
one of which contains as many English minutes as the other does 
French. 

6. If one-third of a right angle be assumed as the unit of 
angular measure, what number will represent 75"? 

7. Determine the number of degrees in the unit of angular 
measure when an angle of 66| grades is represented by 20. 

8. The numbers of the sides of two regular polygons are as^ 
2 to 3, and the number of grades in an angle of one equals the 
number of degrees in an angle of the other. Find the angles. 

9. Shew that an angle expressed in centesimal seconds will 
be reduced to sexagesimal by multiplying by the factor *324. 

10. Compare the angles which contain the same number of 
English seconds as of French minutes. 
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11. CIRCULAR MEASURE OF AN ANGLE. 

13. We have e:8:plamed two methods of estimating angles, 
namely, tliat by means of degrees and subdivisions, and that by 
means of grades and subdivisions, and we have stated that the for- 
mer method is that which is most commonly used in practical cal- 
culations. There is, however, another method of estimating angles 
which is of great importance in the theory of mathematics, which 
we shall now explain. The object of the present chapter is to es- 
tablish and apply the following proposition; If tpUh the poifU of 
intersection of ant/ ttoo straight lines as centre a circle he described 
foith any radius, then the am^le contained by the straight lines may 
he measured by the roHo of the length of the a^rc of the circle inter- 
cepted between the lines to the length of the radius. We shall re- 
quire some preliminary propositions; the proposition in Art. 14 is 
sometimes assumed, and the 'beginner may adopt this course and 
return to the point hereafter. 

14. The circumferences ofdrdes vary as their radii. 

Let E denote the radius and G the circumference of ooe circle ; 
let r denote the radius and c the circumference of another circle. 
Li each circle let a regular polygon of n sides be inscribed, and in 
each circle draw two lines from the centre to the extremities of 
one of the sides of the inscribed polygon; thus we obtain two 
similar triangles. Let P denote the perimeter of the polygon in- 
scribed in the first circle, and p the perimeter of the polygon in- 
scribed in the second circle. By similar triangles a side of the first 
p(dygon is to a side of the second polygon as the radius of the first 
circle is to the radius of the second circle; therefore also 

p r' 
Now let Pz^G-X and p = e'-x; thus 

therefore rC-Rc^rX-Rx, 
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Now we assume that by making n as large as we please, the 
perimeter of each polygon can be made to differ as IM^ as toe 
please fix)m the circumference of the corresponding circle; thus X 
and X can each be made as small as we please, and therefore 
rX—Rx can be made as small as we please. Hence rC—Rc must 
be zero; for if it had any value a then rX—Rx could not be made 
less than a, which is inconsistent with the fact that rX— Rx can 
be made as small as we please. Thus 

rC-Rc = 0, . 

therefore r; = - • 

R r 

15. Thus the ratio of the circumference of a circle to its radius 
is constant whatever be the magnitude of the circle; therefore of 
course the ratio of the circtMn/erence to the diameter is also constant. 
The numerical value of the ratio of the circumference of a circle to 
its diameter cannot be stated exactly; but, as we shall shew here- 
after, this ratio may be calculated to any degree of approximation 

22 
that is required; the value is approximately equal to -=- , and still 

355 
more nearly equal to r-To ; ^e value correct to eight places of 

decimals is 3-14159265. .. The symbol ir is invariably used to denote 
the ratio of the circumference of a circle to its diameter; hence, if r 
denote the radius of a circle, its circumference is 2irr, where 
ir = 3-U159.... 

16. The angle subtended at the centre of a circle by an wrc 
which is eqyiKd in length to the radius is an invariable angle. 
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With centre and any radius OA describe a circle; let AB 
be an arc of this circle equal in length to the radius. Then, since 
angles at the centre of a circle are proportional to the arcs on 
which they stand, 

"'angle AOB arc AB _r_ _ J^^ 

4 right angles "" circumference of the circle 'I-kt 2ir* 

therefore angle AOB^ _nganges^ 

Thus the angle AOB is a certain fraction of four right angles 
which is constant, whatever may be the radius of the circle. 

17. Since the angle subtended at the centre of a circle by an 
arc which is equal to the radiuB is an irwariable tmgUy it may be 
taken as the unit of angular measurement, and then any angle will 
be estimated by the ratio which it bears to this imit. 

Let AOG be any angle \ with as centre and any radius OA 




A 



describe a circle ; let ^jB be an arc of this circle equal in length 
to the radius; let r denote the radius, and I the length of the arc 
AG. 

Then, since angles at the centre of a circle are projwrtional to 
the arcs on which they stand, 

angle AOC _ AC I ^ 

BXiglQAOB" AB~r'' 

therefore angle AOO---^ angle AOB ; 

this result is true whateveV the unit of angular measurement may 
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be, the same unit of course being used for the two angles. If we 

take the angle AOB itself for the unit, then this angle must be 

denoted by unity ; 

I 
thus angle il 0(7=-. 

18. We have thus proved that any angle may be estimated by 
a fradvcm which has /or Ua ntMneratar the a/rc subtended by tha4 
angle at the centre of any circle, amdfor iis denominator the radius 
of that circle. And in .this mode of estimating angles the unit, 
that is the angle denoted by 1, is the angle in which the arc 
subtended is equal to the radius. We have shewn that this angle 

is — ^-— — s — . hence the number of degrees contained in this 

angle is -^— , that is . If we use the approximate value of ir 

given in Art. 15, we shaU find that ^^ = 57-29577951....; this 

IT 

therefore is the number of degrees contained in the angle which is 
subtended by an arc equal to the radius. 

19. Thus there are two methods of forming an idea of the 
magnitude of an angle which is estimated by the fraction arc 
divided hy radius. Suppose, for example, we speak of the angle | ; 
we may refer to the unit of angular measurement, which is an 
angle containing about 57 degrees, and imagine two-thirds of this 
unit to be taken ; or without thinking about the unit at all, we 
may suppose an angle is taken such that the arc subtending it is 

• two-thirds of the corresponding radius. 

20. The fraction arc divided by radivs is called the drctdar 
measure of am, a^gle. Since, as we have already stated, this method 
of measuring angles is very much used in theoretical investigations, 
it is sometimes called the theoretical method. 

21. If r denote the radius of a circle, the circumference is 29rr ; 

2irr 
hence the circular measure of four right /mgles is , that is 2ir. 
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The circular measure of two right angles is v; the circular measure 
of one right angle is ^; and the circular measure of n right angles 

is -^ y where n may be either integral or fractional 

22. We will now shew how to connect the circular measure 
of any angle with the measure of the same angle in degrees. Let x 
denote the number of degrees in any given angle, the circular 
measure of the same angle. Since there are 180 degrees in two 

r^ht angles, z-^ expresses the ratio of the given angle to two right 

$ 

angles. And since v is the circular measure of two right angles, - 

also expresses the ratio of the given angle to two right angles. 
Hence 

X 
180 "*ir^ 

180^ 



thus 



«=- 



23. For example, the circular measure of an angle of 1 degree 
is Y^ ; the circular measure of an angle of 10 degrees is TgQ > ^e 

circular measure of an angle of half a degree is y^g- x ^ ; the cir- 
cular measure of an anffle of one minute is =-^7; — stt; the circular 
*' loU X oO 

measure of an angle of one second is ^-s^r — ^7^ — ^^; and so on. 

loU X oU X oU 

3. 

Again ; if the circular measure of an angle is j the number of 

o 1 QA 3 

degrees contained in the angle is j , , that is 7 of 57*2957795. . , ; 

if the circular measure of an angle is 10, the number of degrees 



angle to two right angles is expressed by ^-^ and also by 
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180 
contained in the angle is 10. , that is 10 x 57*2957795. .. ; and 

IT 

SO on. 

The student is recommended to pay particular attention to 
these points; especially he should accustom himself to express 
readily in circular measure an angle which is given in degrees. 

24. Similarly we may connect the circular measure of any 
angle with the measure of the same angle in grades. 

Let y denote the number of grades in any given angle, the 
circular measure of the same angle ; then the ratio of the given 

V 

IT* 

Hence 

200 «■' 

200^ 
thus y= , 

IT 

The number of grades in the angle which is the unit of circular 
measure is — , that is, 63-661977... 

IT 

25. In Art 17 we proved that 

angle AOG = -x angle -4 OB ; 

where nothing is assumed respecting the unit of angular measm'e- 
ment, except that the same unit is to be employed for both angles. 
Since ii 05 is an invariable angle, we see that the magnitude of 
any angle AGO Yaxiea as the subtending arc directly y and as the 
radius inversely. Thus we may say that 
1 A r\rt ^ ^ arc 

when k is some quantity which does not change with AOGy and the 
value of which depends upon the unit of angular measurement 
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which we please to employ. Suppose, for example, that we wish 
to take the half of a right angle as our unit ; then we require that 
AOC should be equal to 1 when the arc is the eighth part of the 
circumference ; thus 

2irr 




therefore 

Thus the formula 

angle AOC = - x — =^ — 
V radius 

gives the correct estimate of the magnitude of an angle when the 
unit is half a right angle. 



EXAMPLES. 

1. If 2), ^, (7 be respectively the number of degrees, grades, 
and units of circular measure in an angle, shew that 

90 "" 100 "" IT • 

2. Find the number of degrees in the angle subtended at the 
centre of a circle whose radius is 10 feet by an arc whose length is 
9 inches. 

3. find the circular measure of 1'. 1\ 

4. There are three angles; the circular measure of the first 

exceeds that of the second by y^ , the sum of the second and third 

is 30 grades, and the sum of the first and second is 36 degrees. 
Determine the three angles. 

5. Express five-sixteenths of a right angle in circular measure. 



14 
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in degrees and decimals of a degree^ and in grades and decimals 
of a grade. 

6. The angles of a triangle are in arithmetical progi'ession, 
and the greatest is double the least; express the angles in degrees, 
grades, and circular measure. 

7. The angles of a triangle are in arithmetical progression, 
and the number of degrees in the least is to the circular measure 
of the greatest as 60 to ir; find the angles. 



IIL TRIGOKOMETRICAL BATIOS. 

26. Let BAG be any angle; take any point in either of the 
containing sides, and from it draw a line perpendicular to the other 




•/ 



side; let P be the point in the side AC and PM perpendicular to 
AB. We shall use the letter A to denote the angle BAG. Then 

^^ XT- X • perpendicular . „ , ,, . ^,, , . 

-jp , that IS — -^ — , IS called the avne of the angle -4; 



AP 
AM 



hypotenibse 
hose 



-j-^ , that is , l^'T^ , is called the coBim of the angle A) 
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_^ that is P?I:P?^^!^^ is caDed the tangmt of the angle A-, 
AM* boM 

-— that is ^ , — > is called the cotangent of the angle A : 

PM* perpefndvcmaa' 

AP^ that is ^y^'^ is caUed the 9tfmiJt of the angle A, 
AM* boM ' . ~-o 7 

-TTTT , that ifl — — — r* — ; — > " called the cosecant of the angle A. 
FM perpendusular ° 

K the cosine of il be sabtracted &om unity, the remainder is called 
the versed sine of A, If the sine of ii be sabtracted from unity, the 
remainder is called the caveraed dne of A; the latter term however 
is rarely used in practice. 

27. The words dne, cosine, dbc. are usually abbreviated in 
writing and printing ; thus the above definitions may be expressed 
as follows, 

. . PM 

smil = -rp , 

tan^ = ^jy, 

, AM 
cos^=^, 

coi^A^jj^, 

A ^^ 

vers J =1 —008-4, 
covers -i = 1 — sin -i. 

28. The sine, cosine, tangent, cotcmgent, secant, cosecwni, verged 
dne, and e&cersed dne are called trigonometrical ratios or trigo- 
normtrical functions; sometimes they have been called goniometrical 
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fwnxtions, A large part of Trigonometry consists in the investiga- 
tion of the 'properties and relcUiona of these fwMstions of cm. cmgle. 
These functions are, it will be observed, not lengths, but raiios 
of one length to another ; that is, they are arithmetical whole 
numbers or fractions. 

29. The defect of any angle from a right angle is called the 
complement of that angle ; thus if A denote the number of degrees 
contained in any angle, 90 - -4 is the number of degrees contained 
in the complement of that angle. This affords another method of 
defining some of the Trigonometrical ratios ; after defining, as in 
Art 26, the sine, tangent, and secant of an angle we may say 

the cosine of an angle is the sine of the complement of that 
angle; 

the cotangent of an angle is the tangent of the complement of 
that angle; 

the cosecant of an angle is the secant of the complement of 
that angle. 

For in the triangle FAM the angle AFM is the complement of 
the angle A; and 

. J rn#- perpendicula/r AM 

sm APM=^-=^ — = -7-=7 = cos -4 : 

hypotenuse AF 

base MF 

6(we MF 

These results may also be expressed thus : 

the sine of an angle is the cosine of the complement of that 
angle; 

the tangent of an angle is the cotangent of the complement 
of that angle; 

the secant of an angle is the cosecant of the complement of 
that angle. 
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30. The trigonoTnetrical rcUio8 remain unchomged so long as 
the angle remains unchanged. 

Let JBAC be any angle ; in AC take any point F and draw FM 
perpendicular to AB; also take any other point P' and draw P'Jf ' 

perpendicular to AB. Then by similar triangles -j-p = -jpr , that 

is^ the sine of the angle A is the same whether it be formed from 




the triangle AFM or from the triangle AF'M\ The same result 
holds for the other Trigonometrical ratios. Or we may suppose 
a point F" taken in -4 J5 and F^*M" drawn perpendicular to AG\ 

FM F"M'' 
then the triangles AFMsjudiAP'M" a^e similar, and -j-p = —j-p,r • 

We now proceed to establish certain relations which hold 
among the Trigonometrical ratios. 

31. We have immediately from the definitions 

tan-4 xcot4 = l; therefore tan^ = --;— J, cot-4 = 



cot^' 

1 



tan^' 

1 



sec ^ X cos -4 = 1 : therefore sec A = -. , cos A = -. , 

cos A sec ^ ' 

1 . . 1 



cosec A X sin -4 = 1 ; therefore cosec A 
FM 



, sin -4 = 



Also 



tan -4 = 



sin^ 

FM ^if sinui 

AM^ AF ' ZP "cosil 
AM AM PJy_ co8^ 
FM" AF' :iP~Bin^' 



cosec A ' 



T. T. 
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32. To prove that (sin A)* + (cos Af = 1. 
In the right-angled triangle APM we have 

therefore ^^^^=1, 

therefore ^^) + ^£^) =1; 

that is (sin -4)*+ (cos-4)'=l. 

33. With respect to the preceding proof it should be re- 
marked that it is shewn in Euclid, l 47, that the square described 
on the hypotenuse of a right-angled triangle is equal to the sum 
of the squares described on the sides; and it is known that the 
geometrical square described upon any line is measured by the 
arithmetical square of the number which measures the length of 
the line. From combining these two results we obtain the arith- 
metical equality 

FM' + AM' = AF'. 

It must be observed that (sin -4)' is offcen written for shortness 
.thus, sin* -4; similarly (sin^)' is written thus, sin' A, The same 
mode of abbreviation is used for the powers of the other Tri- 
gonometrical functions, and so the result obtained in Art. 32 is 
usually written thus, 

sin'ii + cos'-4 = 1. 

34. To prove that 

(sec Ay =l+{tsxi Ay, and (cosec ^)' = 1 + (cot Ay. 

In the right-angled triangle AFM we have 
AF'^FM' + AM'; 

therefore IM'^AM'^^' 

therefore (iJ) = (^f ) "^ ^' 

that is (sec Ay = l + (tan Ay. 
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Again, smoe AP* = PM* + AM\ 

fAF\* - fAMV 

that is (cosec-4)*= 1 + (oot-4)*. 

The results here ohtainedare usually writtea thus, 
sec* -4=1 +taii*-4, cosec'.i=:l + oot*il. 

Z5. By means of the relations established in Arts. 31 ... 34 we 
are able to express all the other Trigonometrioal Batios in terms 
of any one of them ; thus, for example, we will express all the 
rest in tenns of the 8ine; 

^ cos ^ = ^(1 - sin*^) ; (Art. 32), 

sec^ = ~^ = -TTT-^^-r-TTr; (Arts. 31, 32), 
cosul ^(l-sm'-4)' 

cosec A = . . ; (Art. 31), 

ver8^ = l-cos^ = l-^(l-sin*^). (Art. 32). 

Ag«in, we will express all the rest in terms of the tangent ; 
1 1 1 ixaiA 



tanA = 



cosec A" J{1 + cof-4) / / 1 \ "" ^(1 + tauM) ' 

(Arts. 31, 34), 

BecA=J{l +tatt'ii); 
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cosec 






vers ^ = 1 — cos^ = l- 



We shall now proceed to determine the values of the Trigono- 
metrical Katios for some specific angles. 

36. To determine the values of the Trigonometrical Ba^tios/br 
a/n a/xigle of 4:5\ 

Let BAG be an angle of 45*^] take any point P in AG and 




draw FM perpendicular to AB. Since BAM is half a right 
angle ABM is also half a right angle j therefore BM=:AM, 



Now 
thus 

therefore 
therefore 
Thus 



BM' + AM' = AB'i 
2BM':=^AB'; 

U^/ ""2* 

BM 1 

AP^ J2' 



. .^, BM 1 .., AM 1 



pi/" i If 
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AP AP 



.' ver845''=l-cos45* = l-4T- 

37. To determine the valties of the Trigonometrical Batios for 
am, angle of 60" and for an angle of 30\ 

Xiet AFB be ,an equilateral triangle, so that the angle FAB 




contains 60 degrees; draw PM perpendicular to AB, then 
AM= MB; therefore AM= iAB = ^ AP. 

Thu8;co8 60«=iJ=|/ 

sin60-^(l-.cos-60>y(l-^)=y(|)=f; 

sinW^^^l^ 
COS60*' 2 '2 "^ ' 



cot 60*= 

sec 60" = 

cosec60" = 



1 



tan 60" V3' 

.J o. 

cos60"" ' 

1 ,2 ^ 

sin 60" ""^3'* 
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ver8 60*=l-coB60*=i 

And Mn30»=co8eO»=J;oos30*=sm60»=5^; 

tan30» = cot60»=-L;<»t30»=tan60»= ^/3; 

sec 30* = coaec 60» = -If ; coseo 30* = sec 60* = 2 ; 

vera 30* =,1 - cos 30* = 1 - i^. 

id 

38. It may be observed that if an angle be less than 45^ the 
cosine of the imgle is greater than the sine, and if the angle be 
greater than 45^ and less than 90^ the cosine is less than the sine ; 
these results follow immediately from the triangle PAM{aee figure 
in Art. 26) since the greater side in a triangle is opposite to the 
greater angle. 
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1. The sine of a certain angle is -^ ; find the other trigono- 
metrical functions of the angle. 

2. The tangent of a certain angle is ^ ; find the other tri- 
gonometrical functions of the angle. 

3. The cosine of a certain angle is /^ ; find the other tri- 
gonometrical functions of the angle. 

4. Shew that sin'fl tanfl + cos"fl cotfl + 2sinflcostf 

= tantfii-cotft 

5. Shewthat2(sin'd + cos'^-3(8in*fl + cos*fl)+l=0. 
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Obtain solutions of the following equations : 

i^ ' 6. sin*fl = 5C08fl. -7. 8infl + co8^=l. Ocrqt 

50* > 8. cotfl = 2cosft • 9. sin'fl - 2 cos fl + i = 0. ^^' 

10. 3sec*tf + 8 = 10sec"ft 

11. Given, sin (-4-^) = g,and cos (-4 + -5) = 5 , find -i and -5. 



IV. APPLICATION OF ALGEBRAICAL SIGNS. 

39. In the preceding chapter we defined the Trigonometrical 
Eatios, and established certain relations between them; we con- 
fined ourselves to angles not exceeding a right angle. We shall 
now extend the definitions so as to render them applicable to an- 
gles of any magnitude; the relations which were established will 
then also be found to be true for angles of any magnitude. 

40. Let be a fixqd point in a fixed line, and suppose we 
have to determine the positions of other points in this line with 

M' M 



respect to 0, The position of any point in the line will be known 
of we know the distance of the point from 0, and also know on 
Mohich side of O the pomt lies. Now it is found convenient to adopt 
the following convention; distances measured in one direction from 
along the fixed line will be denoted by positive numbers, and 
distances measured in the opposite direction from will be denoted 
by negative numbers. Thus, for example, suppose that distances 
measured from towards the right hand are denoted by positive 
numbers, and let 3f be a point the distance of which from is 
denoted by 2 or + 2 ; then if if ' be as fiu* from as if is and on 
the other side of 0, the distance of M' from will be denoted by - 2. 
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41. We have called this method of determining position by 
means of numbers affected with algebraical signs a convention; we 
mean by this word to indicate that it is not absolutely necessarj/ 
to adopt this method, but merely convenient. The symbols + and -• 
are defined in the beginning of elementary works on Algebra as 
indicative of the operations of addition and subtraction respectively. 
As the student advances in Algebra he finds that the symbols + 
and — are also used as indicative of the qualities of quantities; and 
that no contradiction or confusion ultimately arises from this double 
mode of considering the symbols, but that' Algebra gains thereby 
considerably in power. (See Algebra, Chaps. V. and XIY.) 

It may be remarked, that we are at liberty to take either of the 
two directions from as that which will be indicated by positive 
numbers; but when the selection has been made, we must adhere 
to it throughout the investigations on which we may be engaged. 

42. Let OB, 0(7 be two lines which meet at right angles; pro- 



Jff 


a 


p 


• v^ 




fi' 




£ M 



duce BO to any point Bf and GO to any point C". Let P be any 
point in the plane containing the two lines. The position of P will 
be known if we know the distance of P from each of the lines 



r 
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p 



BS and CQ\ and also know on which side of each of these lines it 
is situated. Draw PM and PN perpendicular to the lines BB^ 
and GC respectively. We shall adopt the following conventions; 
the distance ON or PM will be expressed by a positive number 
when P is above the line BB^y and by a negative number when-P is 
hdow the line BB^ \ the distance OM or PN will be expressed by a 
positive number when P is to the right of (7(7, and by a negative 
number when P is to the left of CG\ 

43. A similar convention may conveniently be adopted with 
respect to angvla/r magnitude. 

Let a line AP start from the position AB, and by revolving in 
one direction round A trace out the angle PAB, and let this angle 
be denoted by a positive number; then if the line AP start from 
the position AB and by revolving round A in the opposite direction 
trace out the angle P^AB, this angle may be denoted by a negative 
number. I^ for example, each of the angles BAP and BAP^ is 
one-third of a right angle, and we denote the former by the 




positive fraction ^, the latter may be denoted by the negative ^ 
fraction — ^, 
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44. We shall now give our extended definitions of tbe Trigo- 
nometrical Katioa 



y 



zsriB 




J- 




Let AB, AG he two lines at right angles ; let a line revolve 
round the point A from AB towards AC and come into any position 
AP', draw PM perpendicular to AB or AB produced. Then con- 
sider AP always as positive; consider -4 if as positive or negative 
according as if is on the same side of ilC as ^ is, or on the opposite 
side ; and consider PM as positive or negative according as P is on 
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the same side of ^£ as C is, or on the opposite side. Let the angle 
PAB be denoted bj A, then 

. , FM , , PM . AP 

, AM ^ , AM , , AP 
coeit=^, cot^=^,coseci=;^, 

vers -i = 1 - cos -4, covers ^ = 1 - sin -4. 

Thus the Trigonometrical Eatios are always whole immbers or 
fiuctions positive or negative. 

We have thwefore Trigonometrical Ratios for any posUive 
angle whatever may be its magnitude; and we have also Trigono- 
metrical Katios for any negcutwe angle by adopting the convention 
that the Trigonometrical Batios for any negative angle shall be the 
same as they would be for what we may call the corresponding posi- 
tive angle. Thus, for example, in the last figure we may consider 

BAP as a negative angle, the magnitude of which is - ^ ; then the 

Trigonometrical Eatios will be the same as for the angle formed 
by revolving the moveable line AF in the positive direction until 
it reaches the position which it has in the figure; so that the 

Trigonometrical Ratios for the angle -^ will be the same as 

for the an^e 29r - ^ • 

45. It follows immediately from the definitions, that if two 
angles differ by 4 right angles or by any multiple of 4 right angles 
the Tidgonometrical Ratios of the two angles are the same. 

46. The following relations which have been already esta- 
blished for angles not exceeding a right angle, will now be seen in 
like manner to hold universally whatever be the magnitude of an 
angle positive or negative. 

tan ^ X cot ii = 1, sec il X cos ^ = 1, cosec ^ x sin ^ = 1, 

. BinA ^ J COB A 

tan-d= 7, cotA = -. — 7, 

coaA smA 

an' A + cos'il = 1, sec" -4 =^ 1 + tan* -4, cosec*-4 = 1 + cot*-4. 
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It must be observed that from such an equation as 

sin* J. + cos*^ = 1, 

we can infer only that sin -4 = * ^(1 — cos' -4), or that 
cos -4= ±^(1— sin'ui); we shall have to determine in any parti- 
cular case which sign must he ascribed to the radical. 

47. The supplement of an angle is its defect from two right 
angles. Thus if A denote the nurriber of degrees in any angle, 
180 -ud is the number of degrees in its supplement; if ^ be the 
drcvXa/r mjcaawre of an angle, tc—B \& the drcvlaflr measfwre of its 
supplement. The verbal definition of the word supplement might 
appear to limit the word to the case in which the original angle 
is a positive angle less than two right angles; but the word is 
used in a wider sense, so that if A be any number positive or 
negative, the angle denoted in degrees by 180 --4 is called the 
supplement of that denoted in degrees by A, Similarly, whatever 
jaay be, the angle whose circular measure is tt - ^, is called the 
supplement of that whose circular measure is 6, 

48. To compa/re the Trigonometrical Ratios of any angle and 
its supplement. 

Let PAB be any angle, produce BA to B and make FAS^FAB-y 




take AP=^APy and draw PM and FM' perpendicular to BB\ 

The angle FAB=U(f -FAB ^\^(f -PAB-, thus FAB is 
the supplement of PAB, The triangles PAM and FAM' are geo- 
metrically equal in all respects; now 
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• A ^^ ■ /10A. AS ^^ 

* 3?' 8m(180»-^)=-jp; 

« 

and since FM and P^M' are equal in magnitude and of the same 
sigriy "we have 

sin ^ = sin (180"- il). 

Also cos^=^, cos (180*-.!) = ^' ; 

now AM and AM' are equal in magnitude, but since they are 
measured in opposite directions from A, they are of oppodte sign; 
thus 

COS^=-CO8(180"-^). 

The other Trigonometrical Katios of the angle A may be com- 
pared with those of the supplement either by direct use of the 
figure, or by employing the two resxdts already established; thus, 
adopting the latter method, 

X /1QA0 A\ sin (180"-^) sin^ , . 

tan (180**-^) = }j^^ — J-; = -: =-tan^ 

^ ^ cos (180®- -4) -COB A 

A/iQAO ^\ cos (180"- -4) -cos^ . . 

COt(180"-ui)= . )-,.o Tx= . . =-cot^, 

- ' 8m(180 —ul) sm-d » 

sec (180°- -4) = — jyqKo — 7v= A = - sec -4, 

^ ^ cos (180 -ul) — cos^ 

cosec (180"- A) = -v—ptqT^ — ^ = — — 7- = cosec Ay ' 
^ ' sm(180 --4) smul 

vers (180"-^) = 1 - cos (180"- ^) = 1 + cos il. 

Thus the sine and the cosecant of any angle are respectively 
the same as the sine and cosecant of the supplement of the angle ; 
all the other Trigonometrical Ratios of any angle, except the 
versed sine, are numerically equal to the corresponding Ratios 
of the supplement of the angle, but are of opposite sign. 
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49. To prove thai sin (-^1) = - sin ii otic? cos (--4)= cos -4. 





Let PAB be any angle; draw PM perpendicular to BAlff^ 
and produce it to P' so that MP* may be equal in length to MPy 
and join AP, Then the angles P'A B and PAB which are measured 
in opposite directions firom AB are numerically equal, and if 
PAB l^ denoted by -4, then FAB will be denoted by --4. And 
. , PM . . .. FM 

and FM is numerically equal to PM^ but of opposite sign; thus 
sin(— ^) = — sin^. 

Also 



, ,, AM AM 
cos (--4) = -jp =-j^= cos A. 



Moreover, tan (-il) = — 7 — 7/ = j- = - tanul : 

^ ' cos (—-4) cos-d 
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. , .. cmC-A) cobA 
cot(--4) = -v-7 — t( = — ; — J =-.cofc-4; 
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8in(— ui) — sin^ 



flec(-J) = — , 



1 



COS (--4) cos^ 
1 1 



= 8ecil; 
=-cosec-4; 



^ ' sm(-il) -sin-d 
vers (--4) = 1 - cos (--4) = 1*- cos ul = vers A. 

50. Tb prom ikat sin (180" + ^) = - sin i£ cmd co8(180% J) 
= — cos^. 

Let PAB be any angle, produce PA to P' so that AP' may be 
equal in length to AP, Draw PM and PM' perpendicular to 



ry 




BAB. Then if PAB be denoted by A^ the angle FAB measured 
in the same direction from AB will be denoted by 180® +-4. 

The triangles PAM and FAM' are geometrically equal in all 
respects; 

and sm-4 = -jp, sm(180"+-4)=-— ; 

. AM ,-„^„ ,, AM' 

cobA = -j^, cos(180'+-4) = -j^. 

Now PM and FM' are numerically equal but of opposite sign; 
also AM and AM' are numerically equal but of opposite sign; thus 

sin (180*^+4 = -sin J, cos(180*+il) = -cosi; 
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X /1QA0. ^\ siii(180*'+^) -sin -4 . 

moreover tan {180''+ A) = )-— ^ — / = = tan ^, 

^ ^ . cos (180 + ui) - cos ^ * 

^^+ n ftAo^ j\ ^^^ (1 80**+ A) -cos A . . 
cot (180 +-4) = -^-7T--y — -( = — ; — -:-cotA; 
^ ' sin (180 +-4) -sin-4 ^ 

similarly sec(180Vui) = -sec J, cosec(180V J) = -cosec^. 

It is obviously only another mode of expressing the two funda- 
mental restilts^if we write 

sin ui=- sin (-4 -180"), cos^ = -cos(ii- 180"). 

51. The results of Arts. 48, 49, and 50, are true whatever 
be the magnitude of the angle -4, and whether A be positive or 
negative. This the student should carefully notice. First con- 
sider Art. 49 ; v)hatever the magnitude of A may be, positive or 
Tiegative, we shall always have FMP^ forming a straight line, and 
* the points F and -P equally distant from M and on opposite sides 
of it; and the angles FAB and F'A3 will be numerically equal 
but of opposite sign. Thus we become certain of the universal 
truth of Art. 49. Next consider Art. 50 ; the essential points of 
the demonstration are that M and M' should be equally distant 
from A and on opposite sides of it, and that F and F' should be 
equally distant from the line BAB! and on opposite sides of it; and 
the figure assures us that these essential points are always secured. 
If FAB be any positive angle, then by adding to it an angle of 
180" we obtain the angle formed by AB and AF. K FAB be 
any negative angle, then by adding to it an angle of 180" we 
obtain the angle formed by AF and AB. Thus we become certain 
of the universal truth of Art. 50. The universal truth of Art. 48 
may be made to depend on that of Art. 49 and that of Art 50. 
For we have 

sin ^ = - sin {A - 180"), universally, by Art 50, 

sin (u4 - 180") = - sin (180"- -4), universally, by Art. 49, 

therefore sin ^ = sin (180"- A) universally. 

Again cos -4 = - cos (i - 180"), universally, by Art. 50, 



APPLICATION OF AI:G£BBAICAL SIGNS. 

COS {A - 180*) = cos (180* - A), universally, by Art. 49, 
therefore coe ^ « — cos (ISO* — -4), tmiTersally. 

53. To shew that sin (90* +A)=coaA, 

and cos (90° + ^) = - sin J. 
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Let FAB be any angle ; let AP' be at right angles to AP and 
so situated that a moveable line can pass from the position AF to 
the position AF' by revolving round A in the positive direction 
through a right angle. Then if FAB be denoted by A we can 
denote rAB by 90° + ^. Take AF'^AF and draw FM and FM' 
perpendicular to BAB', Then the angle FAM is geometrically 
equal to the angle AF'M', and the triangles FAM and FAM' are 
geometrically equal in all respects. And 

nc^ FM' is numerically equal to AM and both are of the same 
sign (Art. 42); thus 

Bin(90* + u4) = cos^ 



Again 



,^^0 ,. AM' . , FM 
cos(90* + J) = -^, sm^=-jp ^ 



now AM' and FM are numerically equal but of opposite sign 
(Art. 42) ; thus cos (90* + .4) = - sin ^. 

53. In order to prove that the proposition in the preceding 
article is universally true^ we must examine the different cases 
T. T. 3 
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that can occur ; the figure in the preceding article supposes that 
^ is a positive angle terminated in the first quadrant The an- 
nexed three figures shew AF ia the second, third, and fourth 
quadrants respectively. 

In every case it will be seen that the triangles PAM and 
PAM' are geometrically equal in all respects ; also PM' and AM 
are of the 9(mjm sign, and AM' and PM are of (yppo^JU sign. Thus 
the proposition may be seen to be true if il be any positive angle. 
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The four figures of this and the preceding article will also shew 
the truth of the proposition for any negcAive angle ; the last figure 
for example applies when A is between and — 90^ the third figure 
when A is between — 90* and— 180*^, the second figure when A is 
between— 180* and — 270^ and the first figure when A is between 
-270* and- 360*. 

54. If A be the number of degrees in any angle, then the 
angle which is expressed in degrees by 90 — -4 is called the co/n- 

plement of the angle A; so -^-0 is the circular measure of the 

comidemerU of the angle whose circular measure is 0, The term 
complemerU of an angle has already been introduced (Axt. 29), but 
the angle contemplated then was a positive angle less than a right 
angle. This restriction however will be no longer retained. We 
may now shew universally that the sine cf artr cmgk is equal to the 
codne of its complement, and the cosine of am, angle equal to the 
«iw6 of its cmnplement. These propositions may be proved by 
examining different cases as in Arts. 52 and 53 ; or they may be 
deduced from results abready established. Thus, for example, we 
have proved that 

sin (90* + -4) = cos -4, universally (Arts. 52, 53), 
also sin (90* + A) = sin (180* - 90* -A), universally (Art. 51), 

therefore sin (90* - -4) = cos -4, universally. 

3—2 
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Then if we suppose 90"-l = ui' we liave A =20' -A'; thus 
sin A' = cos (90*^ -A"), universallj. 

55. It will now he found that we are ahle to express the 
Ti-igonometrickl Ratios of any angle whatever in terms of the 
Trigonometrical Ratios o£ some positive angle not exceeding a 
right angle. For in the first place hy the formulsB sin (-^) 
= -sinui and cos ( - ^) = cos ^, and those which follow from 
these (see Art. 49), we can make the Trigonometrical Ratios of 
any negative angle depend upon those of the corresponding^osi- 
tive angle ; and so we need only consider positive angles if we 
please. By Art 45 any multiple of four right angles may be 
rejected ; thus, so far as its Trigonometrical Ratios are concerned, 
we may replace any angle whatever by an angle less than four 
right angles. Then by the formula sin (180^ + ^) = - sin A, and 
cos(180V^)«-oos^, and those which follow from these (see 
Art. 60), we may make the Trigonometrical Ratios of any angle 
depend upon those of an angle not exceeding two right angles. 
Lastly, by the formulae sin(180'^-^) =sin^ and oos(180^-^) 
= - cos ^, and those which follow from these (see Art 48), we may 
make the Trigonometrical Ratios of any angle depend upon those 
of an angle not exceeding a right angle. 

For example, 
8in600" = sin(360*4.24<r)=Bin240«=Bin(180V60")=-*sin60*. 
Tan (-1000«) = -tanlOOO^ = -tan (720V 280») = -tan 280* 
= - tan (180V 100") = - tan lOO** =: - tan (180'» - 80'') = tan 80**. 

56. To trcbce the changes in the sine of am angle as ihe 
angle varies. 

Let BAff and CAC be two lines at right angles, and suppose a 
line AP of constant length to revolve round one end A from the 
fixed position AB so that P traces out the circle BGB^ff. From 
any position of P draw PM perpendicular to BAF ; then 

Hin PAn = -jp • 
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When AF coincides with AB the perpendicular PM vanishes; 
thus when the angle is zero so also is its sine. "While AP moves 
through the first quadrant PM is positive, and continually in- 
creases until AP coincides with AG, and then PM is equal to -4P; 
thus as the angle increases from to 90^ the sine increases from 
to 1. While AP moves through the second quadrant PM is 
positive, and continually decreases until AP coincides with AB" 
and then PM vanishes ; thus as the angle increases from 90® to 
180® the sine diminishes from 1 to 0. While AP moves through 
the third quadrant PM is negative, and increases numerically 
until AP coincides with AC] thus as the angle increases from 
180* to 270* the sine is negative and increases numerically from 
to - 1. While AP moves through the fourth quadrant PM is 
negative, and decreases numerically until AP coincides with AB*y 
thus as the angle increases from 270* to 360® the sine is negative 
and decreases numerically from - 1 to 0. 
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57. To trace the changes in the cosme of an angle as the angle 
varies. 

With the figure of the preceding article we have 

C0& FAB --rr=r . 

AF 
At first AF coincides with AB and then AM=AF; thus when 
the angle is zero the cosine is 1. While AF moves through the 
first quadrant AM is positive and continually decreases until AJP 
coincides wii^ AG and then AM vanishes ; thus as the angle in- 
creases from to 90" the cosine diminishes from 1 to 0, While A P 
moves thi*ough the second qnadrant J if is negative and increases 
numerically until AF coincides with AB^ ; thus as the angle increases 
from 90** to 180** the cosine is negative and increases numerically 
from to - 1. While AF moves through the third quadrant AM 
is negative and decreases nwmerically until AF coincides with AC -, 
thus as the angle increases from 180** to 270" the cosine is negative 
and decreases numerically from — 1 to 0. While AF moves through 
the fourth quadrant AM \a positive and continually increases until 
AF coincides with AB', thus as the angle increases from 270** to 360** 
the cosine is positive and increases from to L 

58. To trace the changes in the tangent of a/n angle as the 
am>gle varies. 

With the figure of Art. 56 we have 

FM 

At first AF coincides with AB and then FM vanishes and 
AM^AB; thus when the angle is zero so also is its tangent. 
While AF moves through the first quadrant FM and AM are 
positive; PJf continually increases and AM continually decreases 
until AF coincides with AC; thus as the angle increases from to 
90** the tangent increases from without limit, so that by taking 
an angle sufficiently near to 90** we can make the tangent as great 
as we please; this is usually expressed for the sake of abbreviation 
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thus, the tangent of 90* ia infinite. While AF moves ttrongh the 
second quadrant FM is positive and AM ia negative; FM con- 
tinually decreases and AM increase^ nwmericaUy until AF coincides 
with -4J5'; thus as the angle increases from 90* to 180* the tangent 
is negative and decreases numericallj from an indefinitely large 
value to zero. While AF moves through the third quadrant FM 
and AM are negative ; FM increases nwmericaiUy and AM de- 
ereases numerically until AF coincides with AC ; thus as the angle 
increases from 180* to 270® the tangent is positive and increases 
from without limit, so that hj taking an angle sufficiently near 
to 270*^ we can make the tangent as great as we please ; this as 
before is abbreviated into the tangent of 270® ia infinite. While 
AF moves through the fourth quadrant Pif is negative uid AM 
is positive; FM continually decreases numerically and AM in- 
creases until AF coincides with AB ; thus as the angle increases 
from 270® to 360® the tangent is negatitfe and decreases numerically 
fix>m ui indefinitely large value to zero. 

Similarly the changes in the cotangent of an angle may be traced. 

59. To trace the changes in the secani of an angle as the angle 
tfories. 

The changes in the secant of an angle may be traced by means of 
the fiigure in the same way as those of the sine, cosine, and tangent; 

or we may use the formula aecFAB= sTn* *^d iafer the 

•^ cos FAB 

changes in the secant from the known changes in the cosine; we 
will adopt the latter method. As the angle increases from to 90® 
the cosine diminishes frt)m 1 to ; thus the secant increases frx>m 
1 without limit, so we may say the secant of 90® is infinite. As 
the angle increases from 90® to 180® the cosine is negative and in- 
creases numerically from to - 1 ; thus the secant is negative and 
decreases nvmericaUy from an indefinitely large value to — L As 
the angle increases from 180® to 270® the cosine is nagaiive and 
decreases numerimUy from - 1 to ; thus the secant is negative 
and increases numerically fi^m — 1 to infinity. ' As the angle 
increases from 270® to 360® the cosine is positive and continually 
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mcreai»8 firom to 1 ; ikva Mhe aecant is positive and contiiuiallj 
dimimsiies £rom in^Bity to L 

Similarly the clianges in the cosecant of an angle may be traced. 

60. Since vers -4 = 1 - cos -4, as the angle increases from to 
180* the versed sine increases from to 2, and as the angle in- 
creases from 180* to 360* the versed sine diminishes from 2 to 0. 

61. Thus we see that the sine and cosine may have any valiM 
between — 1 and + 1 j the tangent and cotangent may have any 
value between — oo and + qq ; the secant and cosecant may hava 
any value between — oo and - 1 and between + 1 and + oo . And 
it will be found on examination that no Trigonometrical Ratio 
changes its sign except when it passes through the value zero or 
the value infinity. The versed sine is always positive and may 
have any value between and 2. 

62. The following table of the valites of the Trigonometrical 
Batios of certain angles is formed from the resulfts of the preceding 
chapter and the present chapter. 
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'EXAHPLE8. 

1. Determine the values of the Trigonometrical ratios for an 

angle of 585^ 

2. Also for an angle of 690^ 

3. Also for an angle of 930*. 

4. Also for an angle of 6420^ 

5. . Find all the angles between and 900^ which satisfy the 
relation tan 6=1, 

6. Find all the angles between and 900^ which satisfy the 
relation cos*^ = ^. 

7. Find all the values of versin — - where n is any integer. 

S, Find all the values of sin | ^ + ( - 1)*^ > where n is any 
integer. 

9. Solve ain'tf + cos* ^ = 0. 

10. Solve2sin'tf-5cos^-4 = 0. 



11. Trace the changes in the sign and value of cos j^ -sin 
as 6 changes from to 2ir» 

12. Alsoofcos'tf-sin'tf. 

13. Alsooftaatf + oota 

U. Is sec* $ - Tyi a possible equation ? 
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V. ANGLES WITH GIVEN TRIGONOMETRTCAIi 
RATIOS. 

63. To constntct an angle with a given sine or cosine. 

C 




Required an angle the sine of which is a given quantity a. 

Describe a circle with unity for its diameter, and take any diameter 

AB of this circle; with centre B and radius a describe a circle; let 

C be one of the points where this circle meets the former circle; 

join AG and BG. Then AGB is a right angle, and the sine of BAG 

BG 
is -j-T=, that is a; therefore BAG is such an angle as is required. 

If the cosine of the required angle is to be a, then the same 
construction may be made^ and ABG will be such an angle as is 
required. 

64. To construct an angle toith a given ta/ngent or cotangent. 

Required an angle the tangent of which is a given quantity a. 

Take a line AB the length of which is unity; draw BG at 

right angles to AB and equal in length to a, and join GA, Then 

BG 
the tangent of BAG is -^, that is a; therefore BAG ia such an 

angle as is required. 
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If the eoUmgent of the required angle is to be a then the same 
oonstniction may be made, and AGB will be such an angle as is 
required. 




^5, If an angle is required to have a given cosecant, then 
since the oosecant is the reciprocal of the sine, the angle must 
hare a known sine; therefore the angle may be found by Art 63. 
Similarly if an angle is required to have a given secant^ or a given 
versed sine, then the cosine of the angle is known and the angle 
may be found by Art 63. 

We shall now proceed to find expressions which include all the 
angles which have a given Trigonometrical Batio. In the re- 
mainder of this chapter we shall express all the angles that occur 
in circular measure, 

66. To find am expression for ail the angles which have a 
given sine. 

Let -5^ C be the least positive angle which has the given sine; 




denote this angle by a. Produce BA to any point B and make 
Uie angle BACT^BAC', then 5^C'=ir-a. 

Kow it is obvious from the figure that the only positive angles 
which hcgre the same sine. as a are ir — a, and the angles formed by 
adding any multiple of four right angles to a or to ir — a; that is, 
angles included in the formulae 2nw + a and 2nir + ir ~ a, where n is 
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zero or any positive integer. Also tlie only r^effotwe angles wMch 
have the same sine as a are — (ir + a), and — (2?r — a), and the angles 
formed by adding to these any multiple of four right angles taken 
negatively ; that is angles included in the formulae 2n7r — (w + a), 
and 2mr — (2x — a) where n is zero or any negative integer. All 
the angles which have been indicated will be found on trial to 
be included in the formula 

W7r+(-l)"a, 
where n is zero, or any integer positive or negative. Also all the 
angles included in this formula will be found among the angles 
which have been indicated. Thus the formula wx+(-l)"a in- 
cludes all the angles which have the same sine as a, and all the 
angles which it includes have the same sine as a. 

This formula also determines all the angles which have the sam^ 
cosecant as \)u 

67. Tojmd an eocpression/or all the angles which have a given 
cosine. , 

Let BAG he the least positive angle which has the given cosine ; 
denote this angle by a. Make the angle BAG' = BAG. Now it is 




obvious from the figure, that the only positive angles which have 
the same cosine as a are 27r — a, and the angles formed by adding 
any multiple of four right angles to. a or to 2x— a; that is, angles 
included in the formulae 2nir + a arid 2mr + 2w- a, where n is zero 
or any positive integer. Also the only negative angles which hare 
the same cosine as a are -> a, and — (2ir'— a), and the smgles formed by 
adding to these any multiple of four right angles taken negatively; 
that isj angles included in the formlilse 2nirr- a and 2wir — (27r — a) 
where n-is zero or any negat^e integer^ All the angles which have 
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been indicated will be Ibttnd on trial to be included in the formula 

where n is zero or any integer poeitive or negative. Aleo all the 
ao^ea included in thia formula will be found among the auglea 
which have been indicated. Thus the formula 2n^ '^ a includes all 
the angles which have the same cosine as a, and all the angles which 
it includes have the same cosine as a. 

This formula also determines all the angles which have the same 
secant or the same versed sine as a. 

68. To find cm ea^ession/or all the angles tohich have a given 
tangenL 

Let BAG be the least positive angle which has the given tan- 
gent; denote this angle bj «u Produce £A to any point B' and 
CA to any point C. 



jsr 



Now it is obvious from the figure that the only positive angles 
which have the same tangent as a are ir-i-a, and the angles formed 
by adding any multiple of four right angles to a or to tt + a; that 
is, angles included in the formulae 2mr + a and 2w7r + x + a, where 
n is zero or any positive integer. Also the only negative angles 
which have the same tangent as a are — (tt - a), and - (2ir t- a), and 
the angles formed by adding to these any multiple of four right 
angles taken negatively; that is, angles included in the formulsB 
2w3r-(7r— a) and 2n7r— (27r--a) where n is zero or any negative 
integer. All the angles which have been indicated will be found 
on trial to be included in theloiniula 

»i5 
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where n is zero, or any integer positive or negative. Also all the 
angles included in this formula will be found among the angles 
which have been indicated. Thus the formula rt/ir + a includes all 
the angles which have the same tangent as o, and all the angles 
which it includes have the same tangent as a. 

This formula also determines all the angles which have the same 
cotcmgerU as a. 

69. In Art. 66 we shewed that if a be the least positive angle 
which has a given sine, the formula nx + (— l)"a includes without 
excess or defect aU the angles which have the same sine as a; it 
was convenient for distinctness in the demonstration to suppose a 
the least posUwe angle which has the given sina But this restric- 
tion can be removed, for we can shew that if ji be any angle, the 
formula nir + (— 1)"^ will include without excess or defect all the 
angles which have the same sine as ji. For suppose a to be the 
least positive angle which has its sine equal to sin ^; then, from 
what has been proved, we know that /3 must be one of the angles 
included in the formida rmr + (— l)'"a where m is zero, or any in- 
teger positive or negative. Suppose then ^ = nr + (— l)*"a ; there- 
fore rnr + (- 1)"^ = mr + {- l)"r7r + (- l)""*"''a ; and all we have to 
prove is, that this formula includes without excess or defect all the 
angles included in the formula mw + (- l)'"a. If n be even the 
formulae correspond by taking w = w + r; if n be odd, the formulae 
correspond by taking m = n — r. The formula 7i7r + (-l)"/3 will 
of coui-se also include without excess or defect all the angles which 
have the same cosecant as /3. 

70. Similarly we may shew that if P be any angle, the angles 
which have the same cosine or secant or versed sine as P will be 
included without excess or defect in the formula 2mr^^ and that 
the angles which have the same tangent or cotangent as ^ will be 
included without excess or defect in the formida nir + p, 

71. Before leaving this part of the subject we will recur to the 
definitions of the Trigonometrical Functions; we considered them 
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as raiiM formed hj oomparing the aides of a right-angled triangle, 
but formerly they were differently defined, and it is advisable to 
notice the old definitions in order that the student may understand 
allusions to them which will occur in his reading. 




Let A be the centre of any circle, AB sl radius, BF any arc; 
dmw the radius -4(7 at right angles to AB, and draw tangents to 
the circle at the points B and C; produce AF to meet the first 
tangent in T and the second tangent in t; draw FM perpendicular 
to AB, Then the old definitions are as follows, in which the lines 
of the figure are considered to be functions of the arc BF. FM is 
the sine of the arc BF, AM is its cosine, BT is its tangent, Ct is its 
cotangent, AT is its secant. At is its cosecant, BM is its versed sine; 
alao the line joining B and F is the chard of the arc BF. Thus 
the terms sine, cosine, &c., formerly denoted certain lines and not 
<*rtftin rcOios. On the old system the lengths of the sine, costne, 
Ac depended on the radius of the circle considered, so that it 
Wme necessary to state what length was ascribed to this radius 
^ any investigation. 
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72. It is easy to connect the values of the old axkd new Trigo- 
nometrical Functions; foor 

PM 

sine of the angle TAB — -r-^ > 

sine of the (vrc PB = PM-, 

thus sine of the arc = radius of circle x sine of the angUj 

^ .- , sine of the arc 

and sine of the amfU = — r: ^— ; — ,- . 

^ radius of circle 

Similar results hold for all the other Trigonometrical Functions. 
Thus from any formula in the modem system which involves Func- 
tions of AngleSy we can deduce the corresponding formula in the 
ancient system which will involve Functions of arca^ and vice versa. 

For example, if A denote any angle, wa have (Art. 32) 

sin*^ + cos'jI = 1. 

Now let a denote the arc corresponding to ^ in a circle of radius 
r; then, using the old definitions 

sin* a cos* a , 

so that sin*a + cos*a = r*. 

We may notice that the sine of half the angle PAB 
jPB PB 
" AB'^AB' 

and therefore the chord of an arc = radius of circle x twice the sine 
of half the angle. 

73. Since the sine of an arc is equal to the radius of the circle 
multiplied by the sine of the angle;, it follows that if the radius of 
the cvrcle he unity the numerical value of the sine is the same in 
both systems; and a similar result holds for the other Trigonome- 
trical Functions. Thus any formula expressed in the ancient sys- 
tem may be immediately converted into a formula expressed in t^e 
modem system by supposing the radius of the circle to be equal to 
unity. 
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74. The old definitions give some indications of the origin of 
the terms sine, codne, &c. The word sine seems derived from the 
Latin word sintis a bosom, the arc is supposed to represent a bow, 
and thus gets its name, and the string, half of which represents the 
sine of half the arc, would come against the breast of the archer. 
The words tangent and secant are naturally derived from the old 
definitions. (See Fenny Gyclopa^ia; article Trigonometry.) 

75, The modem method has now completely superseded the 
ancient method in English works ; it was introduced by Dr Peacock. 
(See Peacock's Algebra^ YoL n. p. 157). It may however be 
observed, that it is stated by Professor De Morgan {TrigonomMry 
and Dovhle Algebra, p. 18), that "Kheticus, who gave the first 
complete trigonometrical table, and invented the secant and cose- 
cant to complete it, used the method of ratios." 

EXAMPLES. 

1. Write down the general value of 6 when tan 0=1. 

2. Write down the general value of when sin ^ = 1. 

3. Write down the general value of $ when cos 6 = 1. 

4. Write down the general value of 6 when cos tf = - ^ • 

V 5. Find all the values of 6 which satisfy sin'tf = sin* a. 

4 
6. Write down the general value of when cosec*d = ^. 

7» Find all the values of which satisfy coa'6 = cos' a. 

8. Write down the general value of when sec'tf = 2, 

9. Find all the values of $ which satisfy tan'0 = tan' a. 

10. Write down the general value of when tan'tf = -, 

o 

1 1. Shew that all the angles which have both the same sine 
and the same cosine as a, are included in the formula 2mr + a. 

12. Write down the general value of $ which satisfies both 
1 , - = «^/?. 



Bintf = - jj and costf- ,. 



T.T. 
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VI. TRIGOKOMETRICAL RATIOS OF TWO 
ANGLES. 

76. To express the sine and cosine of the sum of two angles tiz 
terms of the sines and cosines of the angles themselves. 




Let the angle COD be denoted by A, and the angle JDOI^ by 
^j then the angle GOB will be denoted hj A + B. In OE take 
any point F, draw PM perpendicular to 00, and PiT perpendicular 
to OD ; draw JO perpendicular to FM and J^Q perpendicular to 
00. Then the angle PiTJK is the complement of HN^O, that is of 
M)C} therefore NFH is equal to A, , 



^ . ,. ^ PM RM^PR 
Now sin (A + B)=yyp = 



NQ PR 
OP^OP 



OP 

NQ ON PR FN 
~ ON' OP "^ FN' OP 
s= sin A cos B + cos A sin B. 

coB{A + B) = ^= OP "^OP^O? 
OQ ON ^NR NP 
^mOP NP'OP 
sscoaAcosB-fdnAmiB, 
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77. To eaojpTtiB the sine and cosine of Hie difference of two 
angles in terms of the sines and cosines of the angles themselves^ 




Let the angle COD be denoted by -4, and the angle DOE by 
B; then the angle COE will be denoted hy A -E. In OE tafa^ 
any point F, draw FM perpendicular to 00 and PiT perpendicular 
to 0I>; draw NE perpendicular to MF produced and J^Q perpen- 
dicular to OG. Then the angle Fff^E is the complementj^of FE'Q 
and is therefore equal to OJSfQ', therefore EFE is equal to -4. 

^^_EP 

OF OF OF 

NQ OF EP FN 

ON' OP FN' OF 



„ . ,i px ^^ EM^EP 
Now sin(^--ff) = -gp = 



= sinui oos ^•- cos A sin B. 



(xm{A 



„, OM OQ + QM 



OF 

OQ ON NE FN 

ON' OP ^ FN' OF 

» cos ui cos uS + sin ui sin B, 



OQ NE 
OP^ OP 



4— e 



S2 
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, 78. To assist the student in remembering the preceding 
demonstrations, we may observe that the point P is taken ii\ the 
line that houTids the compound angle we are considering; thus, in 
proving the formulae for. sin (il ^B) and cos {A + B) the point P 
is taken in the line which bounds the angle A + B, and in proving 
the formulae for sin {A — B) and cos {A — B) the point P is taken 
in the line which bounds the angle A—B, After the construction 
is completed, the principal step consists in shewing that the angle 
NPR is equal to -4 ; it ^ill be seen from the construction that 
this is the case, for the lines PN, RP are respectively p&rpendir 
cula/r to the lines which form the angle A, and thus form an angle 
equal to A. 

79. Tha formulae established in Arts. 76 and 77 are true 
whatever may be the size of the angles A and B; the student may 
exercise himself by going through the construction and demon- 
stration in different cases ; it will be found that the only variety 
which occurs in the construction consists in the circumstance that 
the perpendiculars instead of falling upon certain lines may fall upon 
those lines prodioced. We will, as an example, prove the formulse 
in Art. 76, when each of the angles A and B is less than a right 
angle, and their sum greater than a right angle. 




Let the angle COD be denoted by A, and the angle DOE by 
B; then the angle 00 JB will be denoted hj A + B. In OH take 
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any point P, draw TM perpendicular to GO produced and FN 
perpendicular to 0I)\ draw NR perpendicular to FM and NQ 
perpendicular to OG, Then the angle FNR is the complement of 
RNO, that is of NOGy therefore NFR is equal to A. 

. ,, ^ FM MR + FR NQ FR 
Now8m(^+iO=o? = -ap- = OP + 0? 
_NQ ON FR FN- 
"ON' OF '^FN' OF 
= sin ii cos JS + cos ^ sin ^. 

Also cos(ii+i?) = ^p.; 

here we must remember that OM being measured to the left of 
is a negative quantity, and we may put for it OQ — Qlf, that is 
O^-iT^jthus 

/A m OQ-NR OQ NR 

OQ ON^NR FN 
" ON' OF FN' OF 
= ooH A cos B " Bia A tan. B. 

80. The formulae established in Arts. 76 and 77 may be con- 
sidered the fundamental formulae of the subject ; it is important 
therefore that they should be shewn to be universally true. As 
we have intimated in the preceding article, the student might 
convince himself of their universal truth by examination of all 
the cases that can occur ; but we may arrive at the required result 
more decisively by making use of some theorems which have already 
been completely established. . 

The formulae we have to prove are 

sm{A +B) = sm A co» B-^ COS A^nB ..(1). 

co8(J[ + jB) = cosilcos5-Bin-4sin-5 ..(2). 

8in(^ — jB) = sin-4cos-ff-coBilsin-5 (3). 

cos(ul-^ = coSilco8jB + sin-4sini? .(4). 
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Now in Arts. 76 and 79 we have shewn that (1) and (2) hold for 
i|ll positive values of A and B, which do nOt exceed a right angle ; 
and in Art. 77 we have shewn that (3) and (4) hold for all positive 
values of A and B ^hich do not exceed a right angle, provided A he 
greater than B, We shall first shew that the restriction of A being 
greater than B may be removed from (3) and (4). 

By Art 49, sin (.1 - 5) = - sin (-B - -4), 

and cos {A-B) = cos (B — A); 

if then we know that 

sin {B-A) = sin BcosA — cos B sin A, 
end cos (jB - J[) = cos jB cos -4 + sin jB sin -4 ; 

we know also that 

sin {A—B) = BiD.A cos B - cos A sin By 
and 008 (A - By= cos A cos B + sm A an B. 

Therefore if (3) and (4) hold for values of A and B comprised 
between any limits when A is greater than B, they hold for values 
of A and B comprised between the same limits when A is less 
thanJB. 

Thus we know that the four formulae are all true for any 
positive value of each angle between zero and a right angle. We 
shall next shew that if all the formulae are true for values of A and 
B comprised between certain limits, these limits may be increased 
by a right angle. For by Art. 52, 

^{90^-i-A + B) = coB{A+B) = c<yaAcoaB-sm.AsinB 
= sin (90 V ^) cos jB + cos (90* + il) sin i? ; 
in this way, from the truth of (2) for any limits, we can infer the 
truth of (1) with an increase of 90^ in the limits of either angle. 
Similar considerations apply to all the other formulae; and thus 
the limits become as large as we please. 

Lastly, the truth of the formulae for any negative angles may 
be established; suppose A and B both negative, let A = — A' and 
iJ = -JB';thus 
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sin(ii + jB)=sin(-^'-^ = -sm(ii'+^, by Art. 49, 
= - (sin -i'cos jB'+ cos -i'sin B) 
= sin(-J[')cos(-^ + cos(-4>m(-^ 
= sin ^ cos ^ + cos A sin B. 

Similarly all the other formul» may be shewn to be true when both 
the angles are negative, or when one of the angles is negative. 

81, From the four fundamental formulas a large number of 
otlier formulae may be deduced; we shall give some examples of 
such deductions. 

82, In the expressions for sin(-i+jB) and cos (-4 +5) put 
^=A; thus 

Bm2A = 2 sin ul cos A; 

cos2-4 = oos*ui-sin"4 = 1 -Ssin'ul = 2cosM- 1, 
Thus 1+ cos 2-4 = 2 cos* J, 

• l-cos2ul = 2sinM, 

and = gr-. = tan" A. 

1 + cos 2 A 

83, From the four fundamental formulae we have 

sin {A ■¥£)-}- sin (A-B) = 2 sin^l cos-B, 
sin(^ + J5)-sin(ii-j&)=2cos^sin^, 
co8(^ + ^) -{^ cos{A --») = 2 doaA cos^ 
cos(il - J5) - cos {A+B)==2 sin -4 sin B. 
Let ^ + ^ = Cand^-^ = i>; therefore 

A = i{G + D)axidB = i{C^J)); thus 

smU4-sini>=r2sm — ^r— cos — -j— , 

.' . ^ „ C + J), G-^D 
sm (7 - sm Jy = 2 cos — ^ — Sm —^ — , 

C0sC+C0Si? = 2C08- — ^ COS — H— , - 

• „ - . G + D . G-D 

C08/> — C08C = 2sm — s— 811^ — a — • 
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84. Sin (A + B) sin (A - B) 

= (sin J[ cos ^ + cos ^ sin ^) (sin ^ cos ^ - cos ii sin ^ 

= sin' -4 cos'^ — cos* -4 sin* jB 

= sin*4 (1 - sin*^) - (1 - sin*^) 8in*i? 

= sin* ^— sin* A 

, And cos {A + B) cos (A-B) 

= (cos A cos B — sin ii sin B) (cos A cos ^ + sin ^ sin B) 

= cos*-4 cos*^ - sin* -4 sin*-B 

= cos*-4 (1 - sin* J?) - (1 - cos'^) sin*i? 

= cos*^ — sin*i? = cos* JB — sin* -4 . 

r«i , J «v sin (il + -B) sin il cos ^ + cos il sin ^ 

85. Tan (A-¥B) = — )-. — ^ = ^ ^ — a - j> ; 

divide both numerator and denominatov of the last expression by 
sin A aiaB 

. _, , COSii cos^ . 

cos A cos B : thus we get . . . p ; • 

^ . ® - sm J. sin ^ ' 



therefore 



cos^ cos^ 
tanui+tan^ . 



^ ' 1 - tan A tan B 



Suppose B = A; thus we obtain 

2tan^ 



tan 2A = 



l-tan*il' 



T (A m- ^^^i-^"^) _ sin J cos ^ - cos ii sin ^ 
^ ^ " cos (J[-^) "~ cos -4 cos .B + sin-4sin JJ 

sin A sin B 
, co s A C0S.B tan A — tan B 
mi A sin^ "" 1 +tanil tanjB' 



1 + 



cos-4 cos^ 



Suppose for example that B - 45®, so that tan B=l; then we 
shall ofetain 

X /A AKo\ 1+tan^ . .. .^o\ tan^-l 
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«/. ^x/i x,v • C08 ( -4 + -B) co&AcoBB^BinABmB 
^ ' Bm(ul + ^) sin-A cos^ + cos-dsin^ 

COB A cobB ^ 

sin A einB cot ii cot^— 1 

"" cos-4 cobB " cotA + ootB ' 



+ - 



shiul sinJ? 

Suppose B = Ay thus we obtain 

cotM-1 



cot2^> 



2cot^ 



G- -1 1 x/j m cot -4 cot ^+1 

Similarly cot (-4 - -0) = — — = r-r- • 

■^ ^ ' cotJ5-cot^ 

87. Sin2il = 28in^cos.i=4^5^^^(Arts.82and32); 

sin -4 +co8\4 ^ ' 

divide both numerator and denominator of the lasi expression by 

2sin^ 

« ^ X-. X <5os-4 

cosM ; thus we get . i . ; 

1 + ^^ 



therefore sin 2 A = 



cos'ui 
2tanji 



1+tanM' 



Also cos 2^ = cosM - sin'ii = ''''^[^ ~ ^!''','i (Arta. 82 and 32) 
^ cosM +sin"^ "^ 



^ sin'ii 



cos' A 1 — tan'JL 



- sin* A l + tan*-4* 
cos* A 

^ . A + B A-B 
. . . _ 2 sin — ^— cos —5 — 

sin^ — sin^ rt ul + Jo . M. — Ji 
2 cos — gr— sin — a ■ 



tan — X — 
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. „ 2 cos jr— COS ^r— 

COS-d + COS-ff_ 2 ^ /A QQ\ 

cosi?-cosJ[ ■" « . A + B . A-B \^^ ^^) 

2sm-^_8m-^ 

^A-^B A^B 
= cot^^cot-^. 

89. Tanl + tan,?-"^'^"^ i s^^ i? »in ^ cos ^ -f cos ^ sin J ? 

cosul cos^ cosJLcos^ 

~cos-4cos^' 

Similarly tan ui - tan jB \ ^. 

•^ cos A cos i? 

n^ m >. , i sinjl cos -4 sinM + cosM 

90. Tan ii + cot ^ = -. + - — -. = - . -r r— 

cos A sm ^ sm A cos ui 

1 2 2 



sin il cos ui 2 sin ^ cos A sin 2 J. 
sin -4 cosil sin* -4 —cos' -4 



tan A — cot A = - 

3os ^ sm ^ sm ^ coi 

= -2cot2:4. 



cos A zmA sin A cos ii 
cos 2j1 2 cos 2^ 



sin j1 cos a sin 2:4. 

91. SinSii = sin (2-4 + -4) = sin 2i cos -4 + cos 2^1 sin J. 
= 2 sin -4 cosf -4 + (1 - 2 sin' .4) sin A 
= 2sin J[ (1 -8inM) + (1 -2sinM)sin^ 
= 3sin^-4sinM. 
cos 3-4 = cos (2-4 + -4) = cos 2^4 cos A — sin 2-4 sin A 
= (2'cosM - 1) cos -4 - 2 cos^ sin'ui 
= (2cosM- l)cos^ - 2C0S-4 (1 -cosM) 
= 4 cos* -4 - 3 cos ui. 

sin 3-4 3 sin -4 - 4 sin* -4 



Hence tan ^A = 



cos 3-4 4 cos*-4 - 3 cos -4 ' 
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Divide both numerator and /lenominator by cob* -4; thus 

tan 3 A = ^ 



l-tanM 
l(l+tanM) ^ ''*^"" l-3tan«^ 



_ 3tan^(l+tanM)-4tanM ^^^ 3tan^4--taE 
4-3(l+tanM) ^^"^ ^^^ " l-3tan'. 



92. To find the vcdues of the Trigonometrical RaJtioa for an 
angle of 15^ and cm angle o/75\ 

sin 15^ == sin (45» - 30«) == sin 45' cos 30« - COP 45*^ sin 30*^ = ^^^ ; 
cos 15** = cos (45^- 30") = cos 45'' cos 30'' + sin 45* sin 30" = '^X ^ ^ 






V3 
sin 16" ^3 



sec 15''= — rso = ,^^ , ; cosec 15" = -r— --^o = -7¥"T- 
cos 16" ^3 + 1^ 3inl5" ^3-1 

Andsin75"=cosl5" = -^^^; cos 75" = sin 15" = ^i^^; 

taii750=cotl5" = 2 + V3; cot75"=tanl5" = 2- V^; 

sec 75"=co8ec 15" = ^^ ; cosec 75" = sec 15" = j^^^ . 

93. 7/* sin ^ =sin J5 and cos j4 = cos -ff, th&n either A and B 
are e^t^^ or they differ hy some multiple of four right angles. 

For coB(j4-i?)=cos-icos-ff + sinuisin-ff 

= cos*:i + sin'-i = 1 ; 

therefore -4--ff = 0, or a multiple of four right angles taken posi- 
tively or negatively. (Art. 67.) 



V 
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94 i;^ oos-4 =cos-ff onJ sitt-4 = -siii-5, ^Aew A + B is zerOy 
or a mvltiple of four right angles positive or neg<xtive. 

For the giyen relations may be written 

cos ui = cos ( — B)t sin -4 = sin ( — B). (Art. 49.) 

Hence by the preceding article A — (— -5), that is -4 + ^, is zero or 
some multiple of four right angles taken positively or negatively. 

EXAMPLES. 

Prove the following identities : 

1. -. 1 — j = tan2-4 + seo2X 

cos j1 — sm ^ 

2. 2sinM8in'-5 + 2cos"^cos'jB=l+cos2iicos25. 
/ x3. tan(45" + -4)-tan(45^-^) = 2tan2^. 

4. sin 3A coseoA — cos 3ji sec ^ = 2. 
^ 5. 3 sin-4 - sin 3-4 = 2 sin -4 (1 — cos 2A)., 
^ sin -4 + 2 sin 3ii + sin 5-4 sin 3-4 
sin 3-4 + 2 sin 5-4 + sin 7 J. ~ sin 5-4 ' 

^ sin^ aii(2A-\-B) ^ ^a . m 

7. -: — 7= — \ — J — ^-2cos(-4 + jB). 
sm-4 sin .4 ^ ^ 

8. sin 4-4 = 4 sin -4 cos* -4 —4 cos -4 sin' J. 

. ^ cosui — cos3-4 . rtj 

^- -^—Ql r-j=tan2X 

sin 3-4 — sm J. 

cos 2-4 - cos 4-4 . ^ . 

sm 4-4 - sm 2-4 

1 1. cosec 2-4 + cot 4-4 = cot A — cosec 4-4. 

12. cos" (-4 --5) + cos'-ff- 2 cos (-4 - -5) cos A cos jB = sin* A. 

13. sin* {A --S) + sin*-B+ 2 sin (^ - -5) sin .5 cos -4 = sin"^. 
l-W(45'-^) 

"• l+tan'(45*— i) 



15. 



(l+tan'-l)' 
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16. miA([+i»jiA) + oosA{l +cotA) = fiecA + co8ecA. 
--. sin3i + cos3ii l + 28in2-4. ,. .^^ 
^^- Bm3^-cos3^==l-^28in24*^<'^~^^^- 

18. COS^4.COB(120»«ii)+COB(12a* + ii) = 0. 

19. 4 sin^ sin (60'-^) sin (60* + J) = sin 3-4. 

20. 4 cos -4 cos (120* - ui) cos (120* H- ii) = cos 3A 

21. sin dA sin'-i + cos 3A cosM = cos' 2A. 

^„' ....sin 3-4 ...cos 3^ sin 4-4 

22. cos"-4 — 5— + sm'-4 — 5 — = — ■. — . 

o o 4 

23. coswii cos{» + 2) -4 - co8*(n + 1)A-^ sin*-4 = 0. 

„. sin-4<fesin9»ii +sin(2n— 1)-4 . 

24. 5 5 /n . iv J =tann-4. 

cos -4 «fc cos w-4 ,+ cos (2n — 1) -4 

25. sin nA ooaec'A sec -4 - cos n^i sec'-4 cosec A 

= 4 sin (w — 1)-4 cosec' 2-4. 

26. cos 1 0-4 + cos 8u4 + 3 cos 4-4 + 3 cos 2ui = 8 cos J cos' 3 A. 

27. cot j4 + cot 2-4 + cot 4-4 

s Qosec 14 (2 + 2 cos 2-4 -4^ 3 cos 4-4). 

2 sin 2 J[ + 2 cos 2-4 

28. cosec-4 = -: r— -^ a . . . Q . . 

cos -4 — sin -4 — cos 3^ + sin 3-4 . 

29. cos* 2A = (cos-4 - sin 3-4)' + 2 cos^ sin 3il (cos-4 - sin-4)'. 

30. cos'ii - sin'il = cos 2^ (1 - i sin' 2 A). 
So1t« the following equations : 

31. tan ^J-tf)+cot^~-tf) = 4. 

32. sin4tf + Bintf = 0. 33. sin7tf-sin tf = sin3ft 
34. sintf + costf=-7^. 35. sin6d=16sin'ft 

36. cos3tf + cos2tf + costf = 0. 37. sin 3tf + sin 2tf + sin tf = 0. 
38. tantf + tan(j + tf^ = 2. 39. tan2tf^8 cos'tf-cottf. 

40.' tan^j + tf) = 3tanrj-tf). 
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95. In Art. 82 change A into -^ ; thus we obtain 

A ^A 

cos -4 = 1 - 2 sin" o- = 2 cos* -o — I ; 

,- - , A /I -cos -4 A /I + cos -4 
therefore "m ^ = ^ — ^ ' «« 2 = V ^"2 ■ 

96. Since we may suppose either the positive or negative sign 
to be placed before the radical quantities in the preceding article, 
we see that corresponding to one value of cos A there are tv)0 values 

A A 

of sin -jr and tiw values of cos -g- ; and the reason of this may 

be assigned. For if a be an angle which has a given cosine, then 
the formula 2mr^a includes all the angles which have this given 

cosine ; therefore any expression which gives the value of sin ^ 

in terms of cos a may be expected to give the value of the sine of 
every angle included in the formula J {2nir ± a). Now 



(«X*|)=8iE 



a . a 

sm ( nr sb ^ j = Sin mr cos ^ ik cos nir sin ^ 



.a . . a 
= =fc cos nir sm jT = sfc sm ^ ; 



thus two values occur which differ only in sign. Similarly, any 



a . 



expression which gives the value of cos ^ in terms of cos a may be 

expected to give the value of the cosine of every angle included in 
the formula J {2nir * o). Now 



cos f n«r si= -^ j =s cos rnr cos ^ 7 sin mr sin 



5 



s cos nn- cos -21 = afc cos ;r ; 



thus two values occur which difier only in sign. 
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97, If COS A only be given and nothing more be known 
respecting -4, then the ambiguity of sign which occurs in Art 95 

cannot be removed. If however A itself be giyen, then -^ is » 

A 

known angle, and therefore we know whether sin -^ is positive or 

A 

negative; and also whether cos ;^ is positive or n^;ative; thus we 

know which sign is to be taken with each radical quantity. Or if 

• A 

we merely know in which quadrant the angle -^ lies, we can 

determine the proper signs; for example, if ^ is an angle between 
180® and 270*, both its sine and cosine must be negative quantities. 

A A 

98. By Art. 82 sin -4 = 2 sin ^ cos -g, 



also 


i-'^'i^oc^i, 




thus 


rsin5- + cos5-j =l+sinji, 




and 


^8in^-cos^j=l-sinui; 




therefore 


sin — + co9-jr = ;y(l+sin-4) 


•• (1). 


and 


sin^-C08^=V(l-8mii) 


(2); 


therefore 


2 sin J = ^(1 + sin .1) + ;y(l - sin -4), 




and 


2 cos ^ = J(l + sin J) - V(l - sin ^i 





99. Siiice we may suppose either the positive or negative sign 
to be placed before each of the radical quantities in equations (1) 
and (2) of the preceding article, we see that corresponding to (me 

value of sin -4 there are fmr values for cos g and fwr values for 
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A 
sin -^ , and the reason of this may be assigned. For if a be an angle 

-which has a given sine, then the formula nir + (- l)"a includes all 
the angles which have this given sine ; therefore any expression 

which gives the value of sin ^ in terms of sin a may be expected 

to give the value of the sine of every angle included in the 
formula ^{w7r+ (- l)"a}. First suppose n even and equal to 2m; 
then 



sin J{7Mr 4 (- l)"a} = sin imv + ^ j = sin w^r cos ^ + cos mir sin 



.a .a 

= cos mw sm^ =^± sm ^ , 



Next suppose n odd and equal to 2m + 1 ; then 

• If / -iMi 1 • / 7r-a\ . 'IT— a . v—a 

sin^{»7r+(— 1) a}=s^lf wir+— ^ j=smwwrcos-^+cosm7rsm— ^ 

. TT — a . -TT — a a 

s= COS mrr sin — -^r— = db sm — ^r— = st cos ^ . 

Thus four values occur for the sine of half an angle when the sine 
of the angle is given. 

Similarly any expression which gives the value of cos^ in 

terms of sin a, may be e!xpected to give the value of the cosine of 
every angle included in the formula J {wtt + (- l)"a}. First sup- 
pose n even and equal to 2m; then 

cos ^ {nrr + (- l)"a} = cosfmir + -^ j = cos mv cos ^ - sin w^ sin 5 

a a 

= cos WITT cos ^ = sfc cos -^ . 

Next suppose n odd and equal to 2w + 1 ; then . 

cos J {nir + (- 1) a} = cos f mrr + -^ J =cosm7rcos — smmTrsm — ^- 

'jr — a IT— a . a 

■ ^ =coswirco8 -^ = abcos— ^ = «fcsin J. 
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Thus four values occur for the cosine of half an angle when the 
gine of the angle is given* 

100. If sin A only be given and nothing more be known 
respecting A, then the ambiguities of sign which occur in Art. 98 - 
cannot be removed. If however A itself be given, or if we merely 
know in which quadrant the angle A lies, we can determine the 
proper signs ; for in any particular case we may proceed as follows. 

We have 

8in^ + cos2=±^(l+8inJ) (1), 

8in-^-cos-g=*^(l-sin^) .^ {2\ 

A 

Now suppose, for example, that A lies between and 90", then -^ 

A . A 

lies between and 45®; therefore cos — and sin ■- are both positive 

and cos -^ is greater than sin — ; hence the left-hand member of (1) 

is a positive quantity, and we must therefore take the positive sign 
in (1), and the left-hand member of (2) is a negative quantity, and 
we must therefore take the negative sign in (2). Therefore if ^ 
lies between and 90", we have 

A A 

sin — 4- cos -jr = 4- ^(1 + sin A), 

A A 

sin - - cos - = - ^(1 - sin A) ; 

therefore 2 sin — = + ^(1 4- sin A) — J(l — sin A ), 
2 cos - = + ^(1 + sin A)-{-J{l -sin J[). 

For another example, suppose that A lies between 270° and 3 60**, 

A A . 

tlien — lies between 135° and 180"; therefore cos-^- is negative, 

.A A A 

and sin - is positive, and cos — is numerically greater than sin — ; 

T.T, 5 
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hence the left-hand member of (1) is a negative quantity, and vre 
must therefore take the negative sign in (1), and the left-hand 
member of (2) is a positive quantity, and we must therefore take the 
positive sign in (2). Therefore if -4 lies between 270® and 360**, we 

have 

A A 

sin "o + cos -^ = — J(l 4- sin A ), 

A A 

sin ■5- - cos ^ = + ^{1 - sin J ) ; 

■ ' ■ ■ A 

therefore 2 sin -^ = - J{1 + sin -4 ) + ^(1 - sin A), 

A 

2 cos -^ = - ^(1 + sin A) - ^(1 - sin A). 

101. It is easy to give general formulae for determining the 

A A A A 

signs of sin -^ + cos -^ and sin jr — cos -^ . For 



sin -jr + cos 



now sm 



A ,^f \ . A 1 A\ ,. . /A 'ir\ 
^=^2(^-^^sm^-i--^2COs^j = V2sm(^^+jj; 

f 2* + t) '^^ positive if — + - lies between 2mr and (2w+ l)Tr, 

* , A TT , 

and negative if -^ +2 lies between (2w + l)7r and (2/1 + 2) tt, where 

A A 

n is zero or any integer positive or negativa Thus sin -^ + cos — 

A A 

A % 

is positive if ^ lies between 2«7r- j and 2mr + '-^, and negative if 

^ lies between 2mr + ~ and 2mr + -^ . Similarly 



sm^- 



.-cos- = ^2sm(^2-jj; 



and hence we can infer that sin ^ - cos -^ is positive if -^ lies between 

A A A 

tr f\ A e 

2mr4-j and 2mr + ~, and negative if - lies between 2mr ■}- — 

* 4 A 4: 

and 2n7r+ -^, 
4 
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2taii^ 

102. By Art. 85, tan ^ = ; 

i-wf 

A A 

pat c for tan ^j thus ctan*-5- + 2 tan-^ — c = 0; 

therefore tan 7. = ^^ ^ , 

2 c 

103. The reason why two values occur in finding the tangent 
of half an angle when the tangent of the angle is given, may be 
assigned as before. For if a be an angle which has a given tangent, 
then the formula mr + a includes all the angles which have this 
given tangent; therefore any expression which gives the value of 

tan ^ in terms of tan a may be expected to give the value of the 

tangent of every angle included in the formula J [mr + a). First 
suppose n even and equal to 2fn; then 

tan ^(wTT + a) = tan f mir + k ) = tan ^ . 

Next suppose n odd and equal to 2m + 1, then 

tan^(w7r + a) = tanTwir + ^^ J = tan ^^^ = tan (^ + 1 j =- cot |. 

Thus two values occur for the tangent of half an angle when the 
tangent of the angle is given. 

104., If tan^ only be given and nothing more be known 

respecting A, then the ambiguity of sign which occurs in Art. 102 

cannot be removed. If however A itself be given, or if we merely 

A A 

know in which quadrant -^ lies, we know whether tan — is positive 

or negative, and thus we know which sign we must take. 

A A 

105. By Art. d 1, cos -4 = 4 cos'-^ - 3 cos -5 • 

Thus if cos A be given we have a cubic equation for determining- 

5—2 
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COS -5 ; and the reason for this may be assigned as before. For if a 

be an angle which has a given cosine, then the formula 27Mr ^ a 
includes all the angles which have this given cosine; therefore any 

expression which gives the value of cos ^ in tenoB of cos a may be 

expected to give the value of the cosine of every angle included in 
the formula ^{2mr^a), Now n is of one of the forms 3m, Sm + 1, 
3m — 1. First suppose n = 3m ; then 

COB J (2n7r ± a) = cos f 2mir ± -s j = cos -5 . 

Next suppose n = 3m + 1 ; then 



cos J {2n'ir «fc a) = cos ( 2mir + — ^ — j = cos — ^ 
Last suppose n = 3m — 1 ; then 

cos J (2n7r «fc a) = cos/ 2mir — j = 



2ir=Fa 
cos- 



3 • 

Thus three values occur, namely cos ^ , cos — ^ — , cos — - — . 

106. By Art. 91, sin^ = 3 8in:|^4sin»^. 

Thus if sin ii be given, we have a cuMc equation for determining 

A 

sin — ; and the reason for this may be assigned as before. 

o 



EXAMPLES, 

1. Shew that 2 sin — = - ^(1 + sin A) - J{1 - sin A), when A 
lies between 450° and 630". 

A A 

2. Obtain cos ^ in terms of sin A when -^ lies between 405^ 

and 495'. 
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A A 

3. Obtain sin ^ in tetmiS of sinii when ^ lies between - 45"* 

and -135**. 

4. Determine tbe limits between which A must lie in order 
that 

2 sin ^ = - V(l + sin 2A) + ^(1 - sin 2A\ 
and 2 cos -4 = - ^(1 + sin 2A) - ^(1 - sin 2A). 

5. Determine the limits between which A must lie in order 
that 

2 cos ^ = - ^(1 + sin 2A) + ^(1 - sin 2A). 

6. Determine the limits between which A must lie in order 
that 

2 sin ^ = ^(1 + sin 2.i) ^ ^(1 - sin 2^). 

7. Divide a given angle into two parts whose sines shall be 
in a given ratio. 

8. Divide a given angle into two parts whose cosines shall be 
in a given ratio. 

9. Divide a given angle into two parts whose tangents shall 
be in a given ratio. 

10. Given tan j = 2 - ^3, find sin A. 

1 1. Given sin 210* * - ^ , find cos 105*. 

24 

12. Given tan 2i4 = --y^, find sin -4 and cos-4. 

1 3. Find tan 165® from the known value of tan 330^ 

1 ^ Qu XI. X X f^ 2sinA-8m2A 

1 4. Shew that tan' -^ = -x— — 4 — oT • 

2 2 sin ^ + sm 2 A 

15. vers(180*-^) = 2versl(180*4-^)ver8|(180*-^). 

16. (co8^+oo8 5)*+(8in^ + sinJ5)« = 4cos«|(i-J?). 
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17. (cos-4-cos j5)" + (sinui - sin ^)»= 4 sin*^ (ii -B). 

18. Shew that sin 22^° = Ji^^J^) ^ ^^^ ^2^ = '^±'^3 ^ 
and tan 22^^ = ^2-1. 

19. (tan^ + cot.i)2 tan^ (l -tan^~) = fl +tan* ^^V. 



20. tan 



V , -4\ sec A + tan A 
sec A — tan -4 ' 



ihi)- 



sin tf 



21. sin { J - ^ ) + cos ( J - ;r ) = -j^ ^. 

\4: 2/ \4 2/ J{yeT8 6) 

22. V(l+sin^)=l + 2sin| /A-sin|y 

«rt .TT .3fl- .^TT .TtT 3 

2 3. cos* ^ + cos* --- + cos* -^ + cos* -3- = « . 

o o o o 2 

25. tan 142^" = 2 + ^2-^3 -^6. 

26. If tan x=(2 + J3) tan ^ , find the value of tan x, 

27. If a = f w + -j.=t -J TT, find tan a + cot o. 

«^ -r« T « - ., , - cos a cos 13a 

28. K a =.r= , find the value of 5 — . 

17 co8 0a + cos5a 

29. If sec (^ + a) + sec (<^ — a) = 2 sec ^, shew that 

cos <^ = ;72 cos ^ . 

30. If tan I = (fZ^) *an |, shew that 
cos <^ - c 



costf = 



1 - C COS ^ * 
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VIII. MISCELLANEOUS PROPOSITIONS. 

107. To find the sine and cosine of an angle of 18". 

lict A denote an angle which contains 18^, then 2-4 contains 

36® and 3J. contains 54"; hence sin 1A = cos 3i, 

therefore 2 sin JL cos -4 = 4 cos'il - 3 cos ui ; 

divide by cos -4, thus 2 sin ui = 4 cos* -4 -3 = 1-4 sin*^, 

therefore 4 m^A + :5 sin -4 - 1 = ; 

by solving this quadratic equation we obtain 

. . ~1=^V5 

sm A = T-^^— . 

4 

Since the sine of an angle of 18° is a positive quantity we must 
take the upper sign, therefore 

sinl8''=^^, 
4 

and co8l8»=V(l-8in'18») = ^^^^^^^^^. 

108. To find the sine and cosine of an angle of 36*. 
cos36"=l-2sin»18"=l-2(^^^y=i^, 
sin 36" = J(l - cos* 36") = ^^"^^^^^^"^ . 

109. Hence the values of the Trigonometrical Ratios for 
angles of 54" and 72" are known; for 

sin 54" = cos 36", cos 54" = sin 36", sin 72" = cos 18", cos 72" = sin 18". 

110. The reason why more than one result was obtained in 
Art. 107, is that the equation sin 2^ = cos 3-4 is true for some 
other angles besides the angle which contains 18". This equation 
may b^ written 

cos (90" -2^) = cos 3ii, 
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Hence we conclude that 90® — 2 A must either be equal to 3^ 

or to one of the angles which have the same cosine as SA; thus 

every admissible value of A will be found from the equation 

90'-2A=n,B60'^3A; 

where n is zero or any integer positive or negative ; 

, 90*^-7*. 360*^ 
thus ^ = _____. 

For example, iin = and we take the lower sign in the de- 
nominator, we obtain A = — 90^; this value of A makes cos ^ = 0, 
and thus we see a reason for the appearance of the factor cos A 
which was removed by division in Art. 107. Again, if we put 
w = 1 and take the upper sign in the denominator, we obtain 

^ = -^' = -54^andsin{-54®) = --8in54®=-cos36®=-l:t^; 

and thus we see a reason for the appearance of the other root in the 
quadratic equation of Art. 107, besides the root which we used. 

111. To find the sine cmd cosine of an angle of 9% and of an 
angle of SV. 
By Art. 100, 

sin 9' + cos 9^= ^(1 -f sin 18°) = ^^^ '^ ^^^ , 

2 

ain a" - .VM 9" = - y(1 - p^n 1 g») _ «/(^ - n/5) . 

therefore .;. o. _ s/(3 ^ V^) - V(5 - ^5) 

4 ' 

4 
^^^ sin8P = cos9'', cos 81® = sin 9*. 

We have now found expressions for the sines and cosines 
of the following angles, 9®, 15®, 18®, 30®, 36®, 45®, 54®, 60®, 72®, 75®, 
81®. (See Arts. 36, 37, 92, 107, 108, 111.) 

Since 3®= 18®- 15®, we can obtain the sine and cosine of t^ 
from those of 18® and 15® by Art. 77; and then by mean^ of Art 
76 combined with results already obtained, we can easily find the 
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sines and cosines of any angle comprised in the series 3®, 6®, 9^ 
12^ &c. 

112. In Arts. 87 and 91 we have given expressions for sin 2A*y 
cos 2Ay sin 3 J, and cos 3^ in terms of sin A and cos A ; we may 
also express the sines and cosines of 4 A, 5 A, <fec. in a similar way. 
For sin (n + l)A + sin (n - l)A = 2 sin nil cos A ; 

therefore sin (n + 1 )-4 = 2 sin w-4 cos A-Biji(n-1)A; 

let n=3; thus sin 4-4 = 2 sin 3-4 cos -4 - sin S^i ; 

let n = i; thus sin 5^1 = 2 sin 4-4 cos -4 - sin 3-4 ; 

and so on; thus we can find in succession sin 4^1, sin 5-4, <fec., in 
tei-ms of the sine and cosine of A. 

Similarly, the formula 

cos (w + 1 ) J[ + cos (n - 1 ) -4 = 2 cos w-4 cos J, 

may he used to find in succession cos 4-4, cos 5 Ay &c. 

This subject will be considered again hereafter, and we shall 
then give general formulae for the sine and cosine of nA in terms 
of the sine and cosine of A for any integral value of ». 

113. It is easy to find expressions for the Trigonometrical 
Ratios of any compound angle in terms of the Batios of the com- 
ponent angles. For example, 

I sin(il +j5 + (7) = siii(-4 + -8)cosC + cos(-4 + -B)sinC 

I =Binii cos-Sco8(7 + sin-Scos(7cos-4 

+ sin (7 cos -4 cos ^ - sin -4 sin .^ sin (7. 
Cos(il + ^ + (7) = cos(ul + ^)cosC-sin(i4+^)8in(7 
= cos A cos JB cos (7- cos A siii B sin 

— cos .5 sin -4 sin (7 — cos (7 sin -4 sin -ff. 

Tan (4 + i5 + C7) =± — >-j — ^ — 7^ 

I ain-4co8-gco8(7+8in^cos(7cos-4+8inC^co^-4e6s^~8in-4sinjg8in(7 
cos -4 cos -ff cos (7- coaA sin ^sin (7- cos.fi sin.4 sin (7- cos (7sin A sin B' 

divide both numerator and denominator of the last expression by 
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J COS A cos £ cos C; thus we obtain 

{ +^ + W-i_t3^^^^^_taii(7taii^-tan^taii^: 
Suppose ^ and (7 each equal to A ; thus we have 
3tan^-tanM 



tan 3^ = 



1- Stan" -4 



114. "When three or more angles are connected by some 
relation, we may often find that some simple relation exists among 
some of their Trigonometrical Ratios, thus, for example, 
i£A + £-hO = 180*, then wUl 
sin 2A + sin 2^ + sin 2C = 4 sin -4 sin^ sin C. 
For sin2il + sin 2^ = 2 sin (^ +.^)cos(ii-5)= 2sin(7cos(4 -5) 
and sin2(7 = 2sinCco8(7 = -2sinCcos(i + uB), (Art. 48); 

therefore 

sin2^+sin2i5 + sin2(7 = 2sin(7{cos(i4-^)-cos{ii + ^)} 
= 4 sin (7sin ii sin B. 
Again, i£A'hB + C= 180^ then wiU 

cos j4 + cos^ + cos C= 1 + 4 sin ^ j4 sin ^ jB sin ^ (7. 

J J J 

For co8u4 +cos^=2cos^(ii +JB)co8-^{A-£) 

= 2sini(7cosi(.i-.B); 
and cos (7 = 1 - 3 sin"^ ; therefore 



cos 



^ + cos J? + cos (7 = 1 + 2 sin ^ C I COS ^ (ii - j5) - sin ^ (7 1 
= l + 28inic(cosl(il-i?)-cosi(.i+iJ)J 
= l + 48in^ji sin ;r ^ sin ^ (7. 

J J A 

Again, if ^ + J? + (7= 180', then will 

tanii +tan^ + tan C = tan^ tani? tan(7. 
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For tan 1 80' « 0, therefore tan (-4 + -B + C) = ; and therefore by 
Art. 113, tanJi + tanjB + tanC-tan^tan^tan(7 = 0. 
Again, by Art. 113, 

.. R ^_ l-tanJ?tan(7-tan(7tanii -tan-itan^ 
^ '" tan -4 + tan jB + tan (7 - tan u4 tan -5 tan 6/ ' 

now cot 90° = ; hence if ^ + ^ + C = 90°, then wiU 

1 = tan^tan (7 + tan (7tan -4 + tan JLtan j5. 

115. For another example, suppose we have to investigate 
what relation must exist among the angles A, J?, (7, in order that 

cos* -4 + cos' jB + cos* (7 + 2 cos -4 cos -5 cos (7-1 may be zero, 
cos* A + cos" B + cos* (7 + 2 cos -4 cos ^ cos (7— 1 
= (cos A + cos£ cos Cy + cos* B + cos* (7 - 1 - cos* B cos* 
= {coaA + cos ^ cos (7)* + 1 -sin*j5+ 1 -sin*(7-l 

-(l-8in*^)(l-sin*(7) 

= (cos A + cos B cos 0)* — sin* B sin* G 

= (cos il 4- cos ^ cos (7 + sin ^ sin (7)(cos -4 + cos ^ cos 0- sin ^ sin (7) 

= {cos J[ + cos(.5-(7)} {oos^ + cos(^ + C)} 

, A+B-C A-B+C A+B+C B+C-A 
= 4cos 2 cos 2 ^s X cos 2 . 

Hence in order that the proposed expression may be zero, one of 
the four cosines last written must be zero, and thus one of the four 
compound angles must be some odd multiple of a right angle. 

MISCELLANEOUS EXAMPLES. 



Prove the following formul® : 

1. '^^/"^•f^^ =l-teni?taiig~tan(7tanii-tan^tan^. 

COSilCOS^COSC/ 

2. ^^f— ^=tanui + tan^ + taiiC-tan-4tan^tanC.* 
0O8iicoa£cosC7 
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3. sin (a -^) -»- sin ()8- 7) + sin (y- a) 

A . o.— B . B — y . V — a ^ 
+ 4 sm — jr— sin ^— ^ sin ^-zr- = 0. 

22 J J 

4. 4 sm (^ - a) sin {mB - a) cos {6 - m^) 

= 1 4- cos (2^ - 2me) - cos (2^ - 2a) - cos (2m^ - 2a). 

5. sin (a + ^)cos)3-sin(a + y)cosy = sin()3-7)cos (a + )8 + y). 

6. cos(^ + ^ + (7) +COS (it + .B- C) + cos (^ + 0-3) 

+ cos (5 + 0— -4) = 4 cos u4 cos B cos (7. 

7. cos 2a + cos 2^ + cos 2y = 4 cos (a + p) cos (j8 + y) cos (y + a) 

- cos 2 (a + )8 + y). 

sin A sin jB 



8. 



sin (^-i?) sin (^-C) sin(5-.C)sin(-ff-^) 



"^sin((7-J[)sin(0-.B)' 

9. cos (a + P) sin p — cos (a + y) sin y 

= sin (a 4- p) cos P — sin (a + y) cos y. 

10. sin (a + )3 - 2y) cos )8 - sin (a + y - 2)8) cos y 

= sin (^ - y) {cos (^ + y - a) + cos (a + y - )8) + cos (a + ^ — y)}. 

11. sin{^ + 5 + C)sin^ = sin(ui + ^ sin (^ + (7) - sin ^ sin C. 

12. sin a sin j8 sin (j3 — a) + sin j8 sin y sin (y -- p) 

+ sin y sin a sin (a — y) + sin (/8 — a) sin (y — j8) sin (a — y) = 0. 

1 3. cos (a + P) sin (a - j8) + cos ()8 + y) an (fi - y) 

+ cos (y + 8) sin (y - 8) + co»(8 + a) sin (8- a) = 0. 

14. sin(8-j8)sin(a-y) + sin(/8-y)sin(a-8) 

+ sin (y - 8) sin (a - )8) = 0. 

If -4 + ^ + (7 = 180*, prove the following formulae contained in 
the examples from 15 to 35 inclusive. 

.^ x^ .G ,A B C 

15. cot -5^ + cot ^ + cot ^ » cot ^ cot ^ cot ^. 

. . . « . ^ . ^ ^ C' 

16. sin-A + sin^ + smC = 4cos -g cos^ cos x. 
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ABC 

17. wiA -siiii?-»-gm(7;=4sm-5- cos^ sin -5. 

J J J 

18. cos 2-4 + cos 2J? + cos 2C + 4 cos^ cos ^ cos (7+ 1 = 0. 

19. cos4ui+cos4^ + co84(7+l = 4cos2icos2^co82(7. 

„^ -4 -B (7 , ir-A ir-B TT-G 

20. co8-^+cos^ + cos-x=:4cos — - — cos — - — cos — . 

Z Z 4 4 4 4 

O, .4 ^ (7 , ir + ii TT-J? w-\-0 

21. cos -5 — cos ^ + cos -ji = 4 cos — ^ — cos — - — cos — - — . 

Jt 7i A 4 4 4 

00 , A , B . C ^ . . ir-A . ir^B . ir-(7 

22. sin -jj + sin 75 + pin ^ — 1 = 4 sm — r — sin — - — sm — -. — • 

2 2 J 4 4 4 

23. 8inM+sin'-B + sin*(7-2cos-4cos-Bcos(7 = 2. 

24. sin" 2 A + sin' 2B + sin" 2(7 + 2 cos 2 A cos 2.5 cos 2(7 = 2. 

_ ^ -4^ 5 ^ 5^ (7 ^ (7^ ^ , 

25. tan -5 tan -^ + tan -jr tan -= -»- tan ^ tan tt = 1. 

^ - ain u4 + sin j5 — sin (7 ^ A ^ B 

2^. — — -. ; — o ^— 7y = *a^-n-*a'» TT- 
sin -4 + sm -S + sm (7 2 2 

27. 1 + cos -4 cos -B cos (7 = cos ii sin ^ sin (7 + cos J? sin ii sin (7 

+ cos (7 sin ^ sin jff. 

28. cot ^ + cot ^ + cot (7 = cot A cot jB cot (7 

+ cosec il cosec B cosec (7. 

oa • «^ (sinjB4-8in(7 — sin-4)(sin(7 + sin-4 — sinjB) 

Jy. sm jr = T ; ;: 5 -^ , 

2 4 sm ^ sm B 

30. The expression cot -4 + . ,, \ — ^ will retain the same 
'^ sm B sm G 

value if any two of the quantities A, B, G, be interchanged. 

^ tan ^ tan ^r tan ^ 
tan^4-t an.ig-t-tan(7 _ '"^ ^ ^ ^, 
(sini + sin ^ + sin (7)' " 2cosJ^cos^cos(7' 

T^ . ^ J . W'T ♦^^ ^^ ^^ 

32. sm w^ + sm nB + sm n(7= 4 sm — cos - - cos — cos -y , 
if n be an integer of the form 4m + 1 or 4m + 3. 
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nn » A • Tt ' ri 1 ^'T , fiA . nB . nO 

33, sinTi^ +sin n£ + sin nC = — 4 cos -jr- sin -jr- sm -^ sm -^r- , 

if 71 be an integer of the form 4m or 4m + 2. 

ABC, B + G A+C A + B 

34. cos TT + cos -rr + COS o = 4 COS — T COS — COS — -. — . 

2 2 2 4 4 4 

tan^ tanjB tan C tan^i tanj5 tan (7 
tan^ tan tan^ tan taxi A irniB 
= sec A sec jB sec C — 2. 

36. If the sum of four angles be two right angles, the sum of 
their tangents is equal to the sum of the product of the tangents 
taken three and three. 

^^ ^^tanM-5) sin'C , , . ^ .^ 

37. If — .^ . ^ + -^^-2 = 1, prore that tan^ tan ^ = tan" CI 

tan XL sin jo. 

rH' tan* a cos /8 (cos a; - cos a) 

38. Given - — 5-^ = — ^-7 ^( , 

tan p cos a (cos a; - cos yS) 

shew that tan* ^ = tan* ~ tan* ^ . 

00 xi» 2/1 ^^s* a /I' cos a tan ^ tana 

39. Ifcos*^= -, cos*e= ^, - — -=- -, 

COB Id COS p tana tana 

,a -a a 13 

shew that tan" ^ tan* ^ = tan ^ . 

40. If cos a = cos ^ cos <^ = cos ^ cos <^', and 

sina = 2sin^ sin^, shew that tan* ^ = tan* ^ tan* ^ . 
2 ji AAA 

sinjg sin^ ' 

cot pi- cot ^ = cot (a + ^) + cot (a - )8). 

42. If('^-J^'=Wa-ten'Athenco8tf=J^. 

\sm ^ tan ^/ '^^ tan a 

43. If tan ^ = cos 6 tan a, and tan a' = tan B sin ^^ 

then one value of tan*^ is tan ^ tan — ^— . 
A A A 
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44. Find the relation between the angles a, ^, y, when the 
cosines are connected by the relation 

1 - cos' a - cos* P — cos* y + 2 cos a cos )8 cos y = 0. 

X y z 

Ai> T^tan*^ tan'<A - , sind sin<^ 
46. If— ^^ + -— j5=1, and -^ — = -^» 
tana tan p sma sm^S 

shew that sin d = 



" ^(1 db cos a cos)9) * 



. ^ ^ sin (^ - a) __ a cos (^— a) __ a' 
. '• ^8in(d-/3)""6*'''*c^(^^"'6" 

then cos (a - iS) = -^t rr » 

48. Having given tan <f> = -; — ^j? ^ , shew that one of the 

^^ ^ sm ^ + cos ^ 

values of tan ^ is tan ^ tan 



(r-f)' 



49. Given cos d = cos a cos )8, cos ^ = cos a cos )8, 

Off Q 

tan 2 tan -^ = tan ^ , shew that sin"^ = (sec a - 1) (sec a - 1). 

50. Having given that sin (^ + (7-^), sin (C + -4 - -5), and 
sin (u4 + jB — (7) are in arithmetical progression, shew that tan A, 
tan B and tan (7, are in arithmetical progression. 

51. If the sines of the angles of a triangle be in arithmetical 
progression, the cotangents of the half angles are also in arith- 
metical progression. 

52. If the sum of the squares of the cosines of the angles of a 
triangle =1, the difference between the greatest and least angle is 
equal to the mean angle. 
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53. If A, B, C be ijbe angles of a triangle, and 

Sin ( -4 + 77 ) = w Sin ^r , shew that tan -^r tan s = ^ . 

\ 2J 2 2 2 w+l 

54. 11 A, B, G be the angles of a triangle, and 

sin A sinB sin (7 ^. 

= = , then 

X y z 

GAB 

(x-y) cot ^ + (y - z) cot -^ + (« - a;) cot ^ = 0. 

55. If -4 + ^ + G=^mTr where m is any integer, then 

tanii + tan J? + tan (7 = tan ^ tanjStanC 

56. If a, )3, y be any angles, shew that 
sina + sin)8 + siny-4cos| cos^ cos| 



^. a + p-^y-wC 3a-j8-y + ir . _ 3^-a-yf tt 
= 2 sin - — ^—j-^ < cos ^-j— ^ + cos j-^ 

Zy-a-B + TT a + P-^-y-ir) 
•f cos -^ ,— + cos '- ^ 



f + y - TT^ 



IX. CONSTRUCTION OF TRIGONOMETRICAL 
TABLES. 

116. If 6 be tJie circular mecLSure of a positive angle less than 
a riglU angle, 6 is greater than sin and less tha/n tan 0. 

Let AOB be an angle less than a right angle and let 0B= OA; 
from B draw BM perpendicular to OA and produce it to (7 so that 
MG = 3£B; draw BT at right angles to OB meeting OA produced 
in Ty and join CT. Then the triangles MOG and MOB are equal 
in all respects, so that the angle TOG = the angle TOB; therefore 
the triangles TOG and TOB are equal in all respects, so that TCO 
is a right angle, and TG = TB. 
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81 



With centre and radius OB describe an arc of a circle BAG; 
this will touch BT at B and OF at G. 

Now we assume as an axiom that the straight line BC is lees 
than the arc BAG; thus BM the half of BG is less than BA the 

half of the arc BAG', therefore ^^ is less than jj^; that is, the 

sine of AOB is less than the circular measure of AOB. 

B 




Again, we assume as an axiom that the arc BAG is less than 
the sum of the two exterior lines BT and TG', thus BA is less than 

TiA BT 

BT; therefore ^^ is less than ^ ; that is, the circular measure of 

AOB is less than the tangent of AOB, 

Hence sin 9, 0, and tan 6 are in ascending order of magnitude 

if^ be less than ^« 

117« We have assumed two axioms in the preceding article ; 
the first is so obvious that it will be readily admitted; but the 
second is more difficult. The student is recommended to postpone 
this point for future consideration. It is however not difficult 
to shew that the assumption may be made to depend upon another 
almost identical with that which we have already been compelled 
to make in Art. 14. For divide the arc BAG into any number of 
arcs and draw tangents at the points of division ; then fix)m the fact 
T.T. 6 
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:tliat two sides of a triangle are greater than the third, it follows 
that the perimeter of the portion of a polygon thns formed, is less 
.than the sum of BT and TO by a fiiMie difference. Moreover 
..this perimeter diminishes as the number of points of division is 
increased. Now assume fis in Art. 14 that the perimeter of the 
"polygoli can^be made to diff&r^ as Utile as y>e please from the arc 
BAG by sufjciently increasing the number of sides and diminishing 
the length of each side; thus it follows that the arc BAG is less 
than the sum of BT and TG. 
• /\ 
118. The limib of. ——■ when $ is indejmitelv diminished is 

unity. 

For sin 0, 9^ and tan are in ascending order of magnitude ; 

1 

divide by sin tf : therefore 1, -r— 2, and ^^ are in ascending order 

•^ ' smd' cosd ® 

B 1 

of magnitude. Thus -. — j, lies in value between 1 and ;r : but 

^ Bin co^O 

when 6 is zero, costf is unity; hence as diminishes indefinitely 
-,— = approaches the limit unity. Therefore also —^ approaches 

the limit unity. 

. . tand Bin^ 1 ., ,. .^ « tan© .' ^ . 
And as — -^ = — 77- x — -r , the limit of ^—t~ when is 
0.0 cos 6^ $ 

indefinitely diminished is also unity. 

,. 119. It mijst be carefully remembered that in the important 
proposition of the preceding article, is the circular measure of the 
angle considered. If any other unit of angular measuremeiit be 
adopted instead of the unit of circular measure, the limit under 
■ consideration will not be unity. For e:^mple, let us find the limit 

' cnri <M® 

of — : — when n is indefinitely dimiiiished. Let 6 be the circular 

* measure of an angle of n degrees, then 6 = y^ ; thus 
sinn^ siii^ TT sin:^ ; 
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Now when n diminkhes indefinitely, does so also, and the limit 
pf-TT-is unity: hence the limit of when » is diminished 

indefinitely is r-^ , which is the circular measure of an angle of 

om degree. Similarly we may prove that the limit of when 

n is indjBfinitely diminished is the circular measure of an angle of 
one mirnUe; and so on. 

' 120. Jf'0 he the circular measure of a positive angle less than 
a right angle, smO is greater than 0—-r» 



6 6 6 , 

For sin — 2 sin ^ cos ^ ; and tan ^ is greater than ^ , therefore 

6 6 6 

«m^ is greater than ^cos ^; therefore sin ^ is greater than 

6 6 6 

2^co8*^, that is greater than flcQs*^, that is greater than 

d ( 1 — sin* s ) • * And sin* ^ is less than f ^ j , therefore a fortiori 

pmOia greats than ^ (l t t) > *^* is, sin tf is greater thauj^ - -j, 

121. Thus we see that if ^ lie between zero and a right angle 

6^ 6 

sin ^ is less than 6 and greater than — -j- . And cos = 1 -2 sin*^. 

Thus cos ^ is greater than 1 - 2 ( ^ j , that is greater than 1 - o". 

/6 ^ ^\ * 
Also cfos'fl is less than 1-2 l^— „„)> ^^^ ^ l©ss than 

1 — ' - + Y^ - 2 f ^ j 3 therefore a fortiori cos is less than 



^'^ ^"^ W 



6—2 
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122. To ccUctdate approximcUely the sine of 10". 

The circular measure of lO^^i^ igOx 6Qx 6Q > *^*^ 6W ^ 
therefore the sine of 10'' is less than ^ ^^ and greater than 

eiioO-Keiioo)"- ^^ ^" **^" ^^" "^ *^" approximate yalue 
3-141592653539793...we find ^-7^= -000048481368110...; the 
sine of 10" is therefore less than this decimal fraction. And 



and we are certain that the error is less than ^^^^ 



64800 
is less than *00005^ therefore a fortiori^ sin 10" is greater than 

•000048481368110 -.i(.00006)»; that is, sin 10" is greater 

than -000048481368078 

We have thus found two decimal fractions between which 
sin 10" must lie, and these decimal firactiona agree in their first 
twelve figures; therefore we may say that 

sin 10" = -000048481368 

10" 

The value of cos 10^' may then be found approximately since it 
is ^ (1 — sin* 10"); or we may make use of the results established 
in Art. 121, Thus it will be found that as fetr as thirteen places 
of decimals we have 

cos 10" = -9999999988248...... 

123. It appears fix)m the preceding article that as fur as 
twelve places of decimals we have sin 10"^ the circular measure 
of 10"; and in the same way we may shew that sin l"=the cir- 
cular measure of 1" very approximately. And if n be any small 
number of seconds, we shall have a^ffproximately tasifi'^ the cnrcular 
measure of vi' ^n times the circular measure of l^^nxsinl" 

^ the circular measure of n" ... .,..., 

Thus w = : — p approximately; that is the 

number of seconds in any small angle as found appnudBiaiely fajr 
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dmding the circular measure of that angle by the sine of one 
second. 

124. We shall now shew how to calculate the sines of angles 
which form an arithmetical progression having l(f for the common 
difference. 

Let a denote any angle, then 

mxi(n+ l)a + sin(n-l)aa Ssinnacosaj 
suppose 2co8a = 2-A;, then 

sin (» + l)a + sin(w- 1) a = (2 -i) sin wo, 
tliereforesin(n+ l}a — sin na =sinna — 8in(n — l)a — ^sinno. 

Now suppose a = 10", then sin a is known and coso is known, 
and therefore k is known ; we put 9» » 1, and thus we obtain the 
value of sin 20'^ -sin 10", and thence the value of sin 20"; next 
we put n==2y and thus we obtain the value of sin 30" — sin 20", 
and thence the value of sin 30" ; next we put n = 3, and so on. 
It will be seen that the only laborious part of this operation 
consists in the multiplication by k of the sines as they are suc- 
cessively found; but from the value of cos 10" it follows that 
^ = -0000000023504, and the smallness of k facilitates the process. 

125. When the sines of angles up to 45** have been calculated, 
those for the remainder of the quadrant might be deduced by the 
theorem 

ffln(45V.i)-8in(45^-^) = 2cos45*'sinii = ^2.sini4; 

this would require the multiplication of the sines already found by 
tike approximate value of ^2. If however we calculate the sines 
of angles up to 60°, those for the remainder of the quadrant may 
be very easily foimd from the theorem 

sin (60° + ii) - sin (60' - ui) = 2 cos 60" sin il = sin il. 

126. When the values of the sines of all the proposed angles 
in the first quadrant are known the values of the cosines are also 
known, for the cosine of any angle is equal to the sine of the com- 
I^ement of the angle. The values of the tangents can be foimd by 
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dividing the sine of eveiy angle by the cosine of that angle. Thd» 

tangents of angles greater than 45° maj be easily inferred- firoia; 

those of angles less than 45® by the theorem 

tan (45® + ^) ~ tan (45* - ui) == 2 tan 2il, 

which gives 

tan (45 V ^) = tan (45* - ^) -f 2 tan 2.4. 

The cotangents are known since the cotangent of any angle is e^ual 
to the tangeniof the<!Oinplement of the angle.; The cosecants may 
be obtained by calculating the reciprocals of the sines ; they may^ 
however be obtained- more simply from the tables of tangents by 
the theorem 

. 1 r ^ ,^) 

cosec -d s= ^ < tan "5 + cot -5^ >. 

The secants are known since the secant of any angle is eqaal: 
to the cosecant of the complement of the atigle. 

1 27. In the method adopted for calculating the sines of angles, 

the sine of 10" was first obtained to twelve places of decimals, and 

then the Values of sin 20", sin 30", <fea were deduced in succession. 

It will not however follow that the values of the sines of all the' 

angles are correct to twelve places of decimals, and it is therefore' 

useful to be able to test the extent to which the results are correct ; ' 

and moreover it is essential to be able to test the correctneayB with 

which the calculations are performed. We may for^this purpose 

compare the value of the sine of any angle obtained in the manner 

which has been explained with its value obtained independently. 

J 5 — 1 
Thus, for example, we know that sinl8° = ^--j — ; thus the sine. 

of 1 8** may easily be calculated to any degree of approximation, and 
by comparison with the value obtainied in the tables we can judge 
how fair we can rely upon the tables. There are however two* 
formul8& which are iisually caUed^ormt^ of verification from the 
foot that they can be easily used to verify any part of the calculated 
tables. These formulee are 

sin ii + sin (72* + -4) - sin (72^ - ^) = sin;(36* + ^) - sin (36* - A), 
co3u4+cos(72* + ^) + cos(72*-ii) = cos(36*tiiX+coB(36*-^); 
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they may be readily proved-; for 

therefore sin -i + sin (72* + il) - siA (72« - ^) = sin ^ + '^^-^ 

= s/^jJ-sin ^ = am (36" + .1) - sin (36» - ^). 

Similarly the second formula may be proved ; or it may be deduced 
from the first by changing A into 90^ —A. 

Then if we ascribe any vahie to A, and take from the tables 
the values of the sines and cosines of the angles involved, these 
values must satisfy the farmiUcB of verification to a certain number 
of places of decimals, if the tables have been correctly calculated to 
that number of decimal places. 

128, Some further remarks upon Trigonometrical Tables will 
be given in a subsequent chapter, in which we shall explain the 
method of using such tables. We will add here some theorems 
which will extend the results obtained in Art. 121 j these theorems 
will furnish interesting examples although not of any immediate 
practical importance. 

129. The limit ej/* cos ^ cos j cos ^ ... cos g- token the integer 
n is indefinitely increased is . 

,' ' OC OS • 

For sina? = 2sin5COS g 

, . X X X ^ 

= 4: sm -r cos -T cos s 
4 4 2 

a . X X X X 

= 8 sm -5 cos ^ cos T cos ^ 
o o 4 2 



A- . 0/ X XXX 

= 2 sm sr cos s= cos o cos 7 cos ^ . 

2 2* 8 4 2 
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mr » XXX X WLX 

Therefore cob ^ cos ^ cos tt cos ^ = — — • . 



Now 



sin X sin x 2" 






o« • ^ a . a; 
2 sm^, sm^i 



and the limit of this when n is indefinitely increased is , 



since hy Art. 118, the limit of «— — is unity. This result is 

. X 
sing; 

sometimes cited as Evler^s Formula. 

1 30. To prove that ifx he the cvrcvla/rmeaarjure of a positive angle 

X* 

less them a right angle mi xis greater tJuim ^ — -7- • 

of 
By Art. 121, cos x is greater than 1 - -jr ; 



therefore cos ^ cos j is greater than H - -■ j M - _- J , 
and a fortiori greater than 1 — (-^ + ^j j ; 

therefore cos | cos | cos | is greater than 1 1 - T^ + ^||l -. 1. 1 
and a /or^tori greater than 1 - ^^ + -. + —J . 



By proceeding in this way we find that 

XXX X , . ."I 

cos -5 cos J cos ^ cos 55 IS greater than 

of JB* X' 
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thaticiy greater than 1 - 51 , > 

2» 



that is, greater than l-^^-g-gs^V 
aQd a forUori greater than 1 — ^ • 



Hence, hj Art 129, 

IB greater than 1 - -g- , 

l&erefore sin a; is greater than a;— 7 . 



By proceeding as in Art 121, we may now shew that 

cos a; is less 
(Serret's Trigoruymetry.) 



of a* 
cos a; is less than l-o" + sT' 



XISCELLAinEOUS EXAKPLES. 

1. Let P be any point in a semicircle whose diameter is AB 
and centre G \ draw FM perpendicular to AB^ and draw P-4, PB\ 
from this construction, observing that the angles BFM and FAM 
are each equal to half of BOB^ deduce the formula 

l-cos-4_ ^A 
l+cos-l" ,2^* 

ffi^Ti - tan~ 

o Ti? /» acos^-6 .^2 2 

2. Kcostfs r-^^-— r,then 1, u = r 1 1 . 

a-6cos^' J(a + o) ^(a-6) 

3. Iftan'd = 2tanV+l, then cos 2tf + sin^ = 0. 

4. If8eo20 = 2sec0cosec0, then oosec 2^ » cosec'0 t- sec'0. 
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5. If tantf = 7itaii^ shew that tan'(fl-^) cannot exceed 

6. Eeduce sin + sm ^ — cos d sin (0 + ^) to a single term. 

7. Shewtliat ' ' ' : > ^ 
sin ^ cos a (tan a + tan )8) sin ^ (a - j8) _ - 

1— cos(a + )8) cos ^ sin i (a + j3) ' - . 

8. What is approximately the height of an object '^hich at 
the distance of a mile subtends at the eye an angle of one minute? 

9. Find approximately the distance at which a circular plate 
of six inches diameter must be placed so as just to conceal the 
Moon, supposing the apparent diameter of the Moon to be half a. 
degree. 

10. If sin 3^ = n sin ^ be true for any value of A besides zero, 
or two right angles, or a. multiple of two right angles^, shew that n 
must lie between 3 and - 1; solve the equation when w = 2. 

1 1. If tan )3 = -= j-^- , shew that tan (a — )3) = (1 — w) tanou 

12. If sin 36 be given, determine the number of values of 
tan^. 

1 3. Prove that 64 (cos^i + sinM) = cos 8^ + 28 cos iA + 35. 

14. Find all the values of $ and ^ which satisfy 

cos 6 cos ^ + 1 = 0. 

15. If w*8in*(a + j8) = sin"a + 8in*j3-2sinasin)3cos(a-)8), 
shew that 

i. l*w^ ^ 
taiia = .; tanA 

16. Find the Hmit of «^^^<^*^^ ^j,^ g j^ indefinitely 

vers ^u cot; ^v 

diminished. 
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Solve the following equations : 

17. sinfl + cosd = ^2. 

18. ^3sine-cosfl = V2. 

19. sin 2d = cos ft 

20. (4-^3)(sectf + cosectf) = 4(8infltane + co»tfcottf). 

21. cosfl-cofl2tf=Bin3ft 

22. cottf-tantf = cosd + sinft 

23. 2sin'e + sin«2tf = 2. 

2L tan&4-2cot20 = 8in0 fl+tantftan 



^1+tanfltany. 



25. sin»2tf-8in*d = sin«f. 



26, cosec = cosec ^ . 



27. cos d cos 3fl = cos 5^008 7ft 

28. Bintfsin3d = s- 

29. 4siii'fl + sin*2fl = 3. 

30. (1 -tan 6) (1 +8in2d) = 1 + tan ft 

31. fiind + sin2e + sin3tf + sin4tf = 0. 

32. sin tf - costf = 4 siad cos'ft 

33. (cote-tantf)»(2-j3)^4(2+^3). 

34. 2^2 cos (j-flVl + Bind) = l+co3 2ft 

35. sin9tf + sin5e + 2sin'fl=l. 



( 92 ) 
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131. It will be necessary now for the student to become 
acquainted with the nature and use of logarithms, and the mode 
of calculating them. As it is usual to introduce into works on 
Trigonometry a chapter on these subjects, we shall repeat here 
what we have giyen in the Algebra. 

132. Suppose a' =91, then x is called the logwrUhm of n to the 
base a ; thus the logarithm of a number to a given base is the 
index of the power to which the base must be raised to be equal 
to the number. 

The logarithm of n to the base a is written log^n; thus 
liogji = X expresses the same relation asaf = n, 

133. For example 3*= 81 ; thus 4 is the logarithm of 81 to 
the base 3. 

If we wish to find the logarithms of the numbers 1, 2, 3, 

to a given base 10, for example^ we have to solve a series of equa- 
tions 10'= 1, 10' = 2, 10' = 3, We shall see in some sub- 
sequent articles that this can be done approximtxtelyy that is, for 
example, although we cannot find such a value of a; as will make 
10*= 2 exaaUyy yet we can find such a value of a; as will make 10' 
differ from 2 bj as small a quantity as we please. 

We shall now prove some of the properties of logarithms. 

134. The logarithm o/lia tohatever iJie base may be. 
For a' = 1 when a?= 0. 

135. The logarithm of the base itself is unity. 
For a'=^a when a; = 1. 

136. The logarithm of a product is equal to the sum of the 
logarithms of its factors. 
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For let a5 = log.«i^ !/ = log^n; 

therefore m = a% n^a"; 

therefore mn^a'a^^^cf**} 

therefore log. mn = a + y = log.m + log,w. 

137. Th$ logarithm of a quotient ia equal to the logarithm of 
ike dividend diminished by the logarithm of the divisor. 

For let aj=log,w, y = log,n; 

therefore m==a', n-a^; 

therefore — = -- = «•"* ! 

n a' ' 

therefore log, ~ = a: — y = log,m — log^Ti. 

138. The logarithm of any power ^ integral or fradional^ of a 
nwmher is equal to the product of the logarithm ofthenvmher by the 
index of ihe power. 

For let m = a^; therefore wi's (a')' =a^, 

therefore log. (w') = ar = r log,f7i. 

139« To find the relation between the logarithms of the same 
rmmber to different bases. 



Let 


a: = log.?ii, y = log»m5 


therefore 


m = a' and = 6»; 


therefore 


rf'^i'; 


therefore 


a5'=6, and6-=a; 


therefore 


? = log.6, and| = logia. 



Henoe y = a? log* o, and ^jr --g- 

Hence the logarithm of a number to the base b m&j be found 
hy multiplying the logarithm of the number to the base a by 

log»<S or by^ 



log.*' 
We may notice that Ipg^ a x log«6 =: I. 
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140. In practical calcolations tHe only base that is used is 
10; logarithms to the base 10 are called common logarithms. We 
will point out in the next two articles some peculiarities which 
constitute the advantage of the base 10. We shall require the fol- 
lowing definition; the integral part of any logarithm is called 

' the characteristic^ and the decimal part the mantissa, 

141. In the comnion system of logarithms, if the logarithm 
of any number be knowil we can immediately determine the loga- 
rithm of the product or quotient of that number by aUy powfet 
of 10. : . 

For log,,10- X i^=log,,i\r+log, jO- = log^,iV^ + w, 

'■' That is, if we know the logarithm of any number wis can 
'determine the logarithm of any number which has the same 
figures, but differs merely by the position of the decimal point. 

142. In the common system of logarithms the characteristic 
of the logarithm of any number can be determined by inspection. 

' • For suppose the number to be greater than unity aud to lie 
between 10" and 10""*"*; then its logarithm must be greater than 
n and less than w + 1 1 hence the characteristic of the logarithm 
is w. ^ . . . 

Next suppose the number to be less than unity, ai;^d.to lie 

between -— and , ^^^ >that is, between 10"" and lO'^";*"^^; then 

its logarithm will be. some negative quantity between —w and 
— {n + l); hence if we agree that the m^antissa shall alvoays he 
positive, the characterii^tic will be- :(W'+ 1). - 

We shall now proceed to investigate formulae for the calcula- 
tion of logarithms. 

143. To expand a* in a series of ascending powers o/x; that 
is, to expand a number 'in a series ^bf ascending powers of its 
logarithm to a given base. . * : ~ . ' " 
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V= (1 + (a - 1)}' = 1 '+ a; (a - 1) + ^^;^ (a - 1)' 

= l+aj{a-l-4(a-l)?+H«-l)'-i(«-l)* + } 

+ terms involving a", a*, <fec. 

This shews tliat <f cam, be expanded ,in a series be^ning 
with 1 and proceeding in ascending powers of a?; we may there- 
fore supjiose* that . 

<j^=? 1 + CjO: + c^ + egaj* + C4r«* + ... ,.. 

where :€j, c,, c„ i.are quantities which ^o not depQ^d on 05, 

and which therefore remain unchanged however x maj be 
changed; also 

c, = a-r-4(a-l)' + i(a-l)»-i'(a-.l)*+ 

.while c^ c^ ...... are at present unknown; we proceed to find 

their values., ChangiQg x into a; +^ we have 

a"^^=l+Cj(aj.+ y)4-c,(aj + y)"+(?,(aj + y)^+ .;,... ; 

but a'"^* = a'a^==a^{l + (?ja; + c^a;* 4-c^ + , }. 

Since the two expressions for a'^^ are identically equal, we 
may ^oBsmiM that the coefficients of a; in the two expressions are 
equal, thus 

= (?j{l + Cjy + (?y + cy+ }. • . 

In this identity we may assume that the coeflicients of the 
corresponding powers of y are equal; thus '^ 
• • * \- ■ ' ^» 

2Cj=Cj*; therefore, c^=-~, 



3«j ''•cCg ; therefore, • eg = -1^ ? = 



c,c. €* 



3 1.2.3' 



■ '4^4 = CjC« ; therefore, c^ := -^ = 



4 1.2.3.4' 



/:: ... 11 L? li 
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Sinoe this result is true for all values of x, take x such tKat 
c,x = 1, then »= — and 

this series is usually denoted by 6 j thus a^»=?e, therefore a = e** 

and c^ = log«a ; hence, 

.1/1 X (log. ay a^ (log^aYsf 
a'^l-^(^og.a)x + ^ ^'^ .+ ^ "^^ + 

This result is called the Easponential Theorem, 
Put 6 for a, then log« a becomes log^e, that is, unity, (Art 135) ; 
thus, 

With respect to the osstMnpHon which has been made twice 
in the course of this article, the student is referred to the chapter 
on iTuieterrninate CoefficierUs in the Algdnroi. 

144. By actual calculation we may find approximately the 
numerical value of the series which we have denoted by e ; it is 
2-718281828 

145. To expamd log. (1 + z) m a serieB of asoendmg powers 
of'x^ 

We have seen in Art 143, that Cj = log,a; that is, by 

the same Article^ 

log.a = a-l-i(a-l)» + J(a-l)«-.i(a-l)*+ 

For a put 1 +3?; hence, 

1 /■« X aj* a^ as* 
l<«.(l+«) = a-2 + 3-4+ 

This series may be applied to calculate log. (1 +») if « is a 
proper fraction; but unless x be very small, the terms diminish so 
slowly that we shall have to retain a large number of them; if x 
be greater than unity the series is altogether wuniitable. We 
shall therefore deduce some more convenient formuln. 



1 
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146. We have 

log.{l+.x)=x~+~-^ + 



therefore log.(l-a!) = -x- J-^-^*- 

J O 4: 



by subtraction we obtain the value of log,(l +a;)-log,(l -a?), 
tliatis, of log, j--^; 

therefore log,r =2-! x + -^ +-=• + \ 

°*l~a; ( 3 5 J 

In this series write for x. and therefore — for r 

m + 7» n l—x 

thus 

, m -.(m-n l/m-nV l/w-w\* ) „. 
log.— -2^ +75( ) +^( ) + ....> (1). 

Put w = 1, then 

Again in (1) put w = » + 1, thus we obtain the value of 

log, ; therefore 

log.(n + l)-log,7* 

"^ l2i;^Tr"^ 3(2n + l)» ^ 5(2/i+ 1/"^ j (^• 

147. The series (2) of the preceding article will enable us to 
find log, 2 ; put m = 2, then by calculation we shall find 



log.2 = -6931471. 



From the series (3) we can calculate the logarithm of either of 
two consecutive numbers when we know that of the other. Put 



T*T, 
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» . . . < 

w = 2, and by making use of the known value of log, 2, we stall 
obtain 

log, 3= 1-0986122 . 



Put w = 9 in (3) ; then log, 9 = log, 3' = 2 log, 3 and is therefore 
known; hence Mr'e' shall find 

^ . log,10 = 2-3025850..;...'. * . 

Logarithms to the base e are called Napierian logarithms, 
from Kapier the inventor of logarithms; they are also called 
nattircd logarithms, being "thos6 which occur first in our investi- 
gation of a method of calculating logarithms. We have said 
that the base 10 is the only base used in the practical appli- 
cation of logarithms, but lpg«irithms to the" Napierian base occur 
frequently in theoretical investigations. ' 

148. From Art. 1 3^ we see that the logarithm of a number 
to the base 10 can be fbulid by multiplying the Napierian loga- 

"*^ ^y i^' *^* '"-.^^ 2^302585091*''^ ^^ 43429448; this 
multiplier is. called the rnodulus of the common system. 

The series in Art. 146 may be so adjusted as to give common 
logarithms ; for example, take the series (3), multiply throughout 
by the modulus which we shall denote by /x; thus 

^log.(«+l)-^loft« = 2/.{^ + 3P^ +^^^i-^.4. ... } ; 
that isy..., 

Similarly from Art. 145 we have 

., >, X f a* »■ a;* ) ' 
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149. The quomtUy e U incom/mensuraUei . 

For suppose if possible e = — , where m and n are integers; thus 
m ^ 1 1 1 

multi{^7 botb sides bj [n; them 

. X . 1 • 1 #1. 

m »-l=an integer + r+, tyt — S\ +; ttt — Sw m + ••• 

L ° n+l (n+l){»+2) (w+l)(ri+2)(7i+3) 

Bt 1 1 1 

w + 1 '^(7i+l)(w + 2)*^(n+I^(w + 2)(/i + 3) '*'••• 

is a fraction, for it is greater than — — r and less than the geome- 
trical' progression . 

1 1 1 

n + l ^-(» + l)« ■*"(«+ 1/ "*■••• -■ ■ 

that ^ less than - . ,^ 



n 



Thus the difference of two integers is equal, to a fraction, which 
is ab&urd. Therefore e is incommensurable. 

150. tVe will conclude this chapter by investigating two 
limits which will be useful hereafter^ 

' .. f ■ * 

To find the limit of I cos - j when n ia increased indefinitely. 

Let u=l cos-y= fl -sin*- Vj then 

logw = lpg^l-sin*^j«=|lpg^l-sin»^^^ . 

= -^( sin'- +;rsin*- + 5sm*- + ). 

2\ n 2 n Z n J '^^ 

7—2 
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a 

L - 

Now 71 sin = a"~r" = « when n is increased indefinitely (Art. 



sm 
n 

n d 

n 

-a 



118); therefore 7isin'- = osin- = ultimately; and similarly 

nsin*-, 7* sin®-, vanish ultimately. Therefore logw = 0; 

n n o 7 

therefore w = 1. Thms the required limit is unity. 



sin-\ 

— - r 

- / 



To find the limit ofy — | when n is increased iridefinitely. 

n 

. a 
sm- 

We know by Art 116 that — is less than 1 and greater than 

n 

sm- /sm-\ 

, that is, greater than cos - ; hence I — I is less than 1" or 

tan- ^ V - / 

n ^ n ^ 

1 and greater than ( cos - J ; and by the preceding article the 

/sin -\ 
limit of r cos -J is unity, therefore the limit of j — — lis unity. 



n 



MISCELLANEOUS EXAMPLES. 

1. Find the logarithm of 128 to the base 4/4. 

2. Find the logarithm of 243 ^9 to the base ^3. 

3. Find the following . logarithms, log, 2187, log^/OOOl, 
log^cos45°. 
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4. Find approximately the value of x from the equation 

having given log 2 = -301030. 

5. Given log '224 = a and log 125 = 6, find log 2 and log 7. 

6. Eequired the characteristics of log^725, and of log^v^(0725). 

7. Given log 2 = -301030, log 405 = 2-607455, find log -003. 

8. Given log 2 = -30103, log 7 =-845098, find log 98 and 

9. Given log 2 = -301030, log 3 = -47712, find log (0020736)*. 

10. Determine the sum of the series 

2 4 6 ... 

11. Shew that 

e 1 1+2 1+2+3 1+2+3+4 

Find X from the following six equations : 

12. 4 sin a; sin (a; - a) = 2 cos a - 1. 

13. cos/? ^(a*-aj*) + a sin d = a?sin/?. 

14. sin a + sin (a?— a) + sin (2aj + a) = sin (a; + a) + sin {2x - a). 

15. cos Ta? + ^ja + cosfa; + ^ja = sina. 

16. a^cosacos/^o- ^j+«cos(a-j8)=2cos^. 
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17. cot 2*~* a - cot 2'a = cosec 3a. 

1 8. Solve the equation m vers = h vers (a — $), 

1 9. Solve the equation cos nO + cos {n — 2)6 = cos 0. 

20. Solve the following equation, and shew that there are 
. sevpn positive values of greater than and less than 2ir, 

sin tf + sin 3S = sin 2^ + sin 4^- 

21. Find tan x from the equation tan x = tan j3 tan (a + x) ; 
and shew that in order that tan x may be real, tan fi must not 
lie between (sec a — tan a)* and (sec a + tan a)'. _. • 

22. Find the least value of which satisfies 

23. Given sin'lv, + 1) ^ = sin*n^ + sin"(w -1)0 where {n 4- 1)^, 
nOy and (w — 1) ^ are the angles of a triangle, find an integral 
value of 7». 

24. ^Reduce to its simplest form and solve the. equation 
cos* tf - cos*a = 2 cos*tf (cos d — cos a) — 2 sin' (9 (sin - sin a). 

25. Shew that all the angles which have the same sine as 
a are included in the formula { ^^ + s) '^ ^ { o "~ ^ ) • 

26. Shew that all the angles which have the same cosine 
as a are included in the formula f w + ^ j ^ + (- !)"(« - « J . ' 

27. The ambiguity =fc in the formula 

cos ^ - §m:3- « * ,^(1 — sm ii) 
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may he replaced by (-1)*, where m is the greatest integer con- 
tained in — ^^ — , A being expressed in degrees. 

28. The ambiguity =«= in the formula 

, A ^J(l-i-Un'A)-l 
'^^2= tan^ 

may be replaced by (- 1)"*, where m is the greatest integfer con- 
tained in - -ToK— ) ^ being expressed in degrees. 

29. If tan (cot x) = cot (tan x), shew that the real values of 

4 
X are given by sin 2x = j^ y- , where n is any integer except — 1. 

30. Shew how to express cos ^ in terms of cos A, where w 
is any positive integer. 

31. From the equation oosa;=r*/ j^ deduce the 

formula for sin x in terms of sin 2a;, and shew how the proper 
signs for the i-adicals may be determined. 

32. If the expression 

A cos(^ + a)-f jgsin(^4- /?) 
A' sin (^ + a) + #cos (^/3) 

retain the same value for all values of Of then will 
AA: - BB" ^iA'B-AB') Bin (a -P). 

33* If the sum of two angles is given, shew that the snm 
of their sines is greatest and the sum of their tangents is least 
when the angles are equal 

^4.' i£ A +B + G= 90'', shew that unity is the least value 
of tanM + tan'J? + tan'C. 



104 * EXAMPLES. CHAPTER X. 

35. If A +JB+C= 180^, shew that unity is the least value 
of cotM + cot'B 4- cot* (7. 

36. If^ + 5 + (7=180°, then 

2 cot ^ + 2 cot -B + 2 cot G is greater than 

cosec A + cosec B + cosec G. 

37. Shew that the sum of the three acute angles which satisfy 
the equation cos* -4 + cos*j5 + cos' (7= 1 is less than 180^ 

38. If each of the angles A, B, (7 be less than 90°, then 
sin (-4 + ^ + (7) is less than sinul + sin 5 + sin (7. 

39. Find the limit of ( cos - j whenrt is increased indefinitely, 

40. Find the limit of ( cos - j when n is increased indefinitely* 

41. Shew that sin tf is greater than tan ^— . 



XI. USE OF LOGARITHMIC AND TRIGONOMETRI- 
CAL TABLES. 

151. In the preceding two chapters we have shewn how 
tables of the values of the Ti*igonometrical Ratios may be cal* 
culated and how tables of logarithms may be calculated, and we 
shall noyr shew how to use such tables; we begin with tables of 
logarithms. It is obvious that tables of logarithms may be cal- 
culated to various degrees of approximation; they may be calcu- 
lated to 5, 6, 7 or a higher number of decimal places. For a list 
of logarithmic and trigonometrical tables the student may consult 
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the articles Tables in the Permy Ct/clopcedta and its Supplement, 
Different tables present some variety in their mode of arrange- 
ment, and are usually accompanied with full explanation of their 
peculiarities and the methods of using the tables; we shall not 
enter into any minute account of the way in which tables may 
be used with the greatest advantage, but shall give such general 
illusti*ations as will enable the student to avail himself of any 
set of tables for the purpose of occasional calculation. The loga- 
rithms will always be supposed taken to the base ten. 

152. We may observe that throughout all approosimate cal- 
culations it is usual to take for the last figure which we retain, 
the figure which gives the nearest approach to the true value. 
Thus for example, suppose we have the decimal fraction '3726; 
if we wish to retain only three places of decimals we should write 
'373 and not *372 ; the former is too large and the latter too small, 
but the excess in the former case is *0004^ and the defect in the 
latter case is *0006, so that there is a smaller error in the former 
case than in the latter case. Thus we have this general rule, 
when only a certain number of decimal places is to be retained — 
drike off the rest of the figures and increase the last fi>gure retained 
^ 1 if the first fi^fvo'e struck off he 5 or greater than 5. 

We now proceed to explain the use of tables of common loga- 
rithms ; and we shall use tables of seven places of decimals. 

153. To find the logarithm of a given number. 

If the number be contained in the Table we have merely 
to take the decimal part of the logarithm immediately from the 
Table and prefix the characteristic (Art 142). For example, 
required the logarithm of 534. The table gives -7275413 as 
the decimal part, and the characteristic is 2; therefore 

. log 534 = 2-7275413. 

Similarly, log 53400 = 4-7275413, 

log •0534 = 2-7275413. 
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In tlie last example the characteristic is - 2, and this is de- 
noted by the bar placed over the 2. 

Suppose, however, that the given number is not contained 
in the Table; the Table for instance may give the logarithms 
of numbers from 1 up to lOQOOO and we may require the logarithm 
of 5340234. ' Here we can take from the Table the logarithm 
of 5340200, and the logarithm of 5340300; we have 

log 5^40^00 = 6-7275657 

log 5340200=: 6-7275575 

difference .= -0000082 

The required logarithm of course lies between the two logarithm^ 
which we have taken from the Table. Now we see that cor- 
responding to the increase 100 in the number there is an increase 
•0000082 in the logarithm ; and we assume that corresponding 
to an increase 34 in the number there will be Si proportional 
increase in the logarithm. Let a; denote the quantity which 
we must add to the logarithm of 5340200 in order to obtain 
the logarithm of 5340234; then we have from the assumption 
which we have made the following proportion : 

100 : 34 :: -0000082 :>; 
therefore a^ = Jqq ^ -0000082 = -0000028 (Art. 1 52) ; 
therefore log 5340234*= 6-7275575 + -0000028 = 6-7275603. 

154. We ^slimed in. the preceding article tha^t the increase 
in a logarithm is proportional tp the increase in the number; this 
is a case of what is called the principle of proportional partSy and 
although it is not strictly true, yet it is in most cases suificient for 
practical purposes. We shall in the next chapter investigate the 
subject, and shew to what degree of approximation we can rely 
\ipon the principle of proportional parts, - ^ - ' ^ 

155. The process given in Art. 153 la , facilitated in large 
Tables in the following manner. Required the logarithm of 
23453487. .' •. . , : 
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log 23454000 = 7-3702169 
log 23453000 =^7-3701984 

difference = '0000185 



Proportional Parts. 


1 


185 


2 


870 


3 


665 


4 


7^0 


5 


025 


6 


1110 


7 


1295 


8 


1480 


9 


1665 



Here by the process of Art. 153 we have to 

multiplj -0000185 by ^, that is, by A 4. y|g 

7 
+ r— ^, Now the multiplication is effected for 

us, und the results given in a small Table headed ProjxyrtUmal 
partSy which is printed on the same page as the two logarithms 
which we have taken from the Table ; the small Table shews that 
4 X -0000185 = -0000740, 8 x -0000185 = -0001480, 7 x -0000185 
.=•0001295; and from these results, by dividing by 10, 100 and 
lOOO respectively, we obtain the three parts which we require. 
The process may be arranged thus : 

log 23453000 = 7-3701984 

add for 4 '740 

' 8' 1480 

7 1295 



7-3702074095 
therefore, retaining 7 places of decimals, 

log 23453487 = 7-3702074. 

156^ We have taken as our example a v>hole number;. if a 
decimal fraction, or a mixed quantity formed of a whole number 
and decimal fraction, be given, we may throw aside the decimal 
point, and find the decimal part of the logarithm of the whole 
number thus obtained ; then by prefixing the proper characteristic 
we have the required logarithm. • Thus, for example, required the 
logarithm of -23453487 a^d of 234*53487. The decimal part of 
the logarithm is »3702074; therefore 

' log -23453487 = T-3702074 
log 234-53487 =2-3702074. ' 
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1 57. To find the nvmher which corresponds to a given logcurithm^ 

If the deciitukl part of the logarithm be found in the Table, wa; 
have merely to take the number which corresponds to it, and putt 
the decimal point in the number in the place indicated by the 
characteristic. For example, requii*ed the number which has for 
its logarithm 2*7275413. Corresponding to the decimal part 
•7275413 we find in the Table the number 534, and as the charac- 
teristic is 2, there must be one cypher before the first significant 
figure (Art 142); therefore the number which has the given 
logarithm is *0534. 

Suppose, however, that the decimal part of the given logarithm 
is not contained exactly in the Table; for example, let the*given 
logaiithm be 1*3702074, we shall find that the decimal part of this 
logarithm is not in the Table; we have, however, corresponding to 
the number 23454 the decimal part of the logarithm -3702169, 
and corresponding to the number 23453 the decimal part of the 
logarithm -3701984; thus ^ ' h! 

log 234S4 = jt-3702169 
log 23453 = 4-370V98^ 

difference = -0000185 

The excess of the given decimal part of the logarithm above 
-3701981is -3702074 - -3701984, that is -0000090. The required 
number of course lies between -23454 and -23453; let d denote 
its excess above -23453, then assvming that the increase of the 
number is proportional to the increase of the logarithm, we have , 

•0000185 : -0000096 :: 1 : e^; 

90 
therefore c?=yq^ = -48^. 

Therefore log 23453-486 = 4-3702074, 

- and log -23453486 = 1-3702074 ; 

thus the required number is -23453486. 
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158. We may save the labour of dividing 90 by 185 in tHe 
preceding example by means of the Table of Proportional parts 
given in Art 155; the process of division, if performed, will stand 
tiins : 

185^90-0(486 
74 



1600 
1480 

1200 
1110 

Now the products 740, 1480, 1110, are furnished ready in the 
Table referred to, so that we need only perform the subtractions 
«nd put down the following steps : 

90 
4 740 

160 
8 1480 



1200 
1110 



159. We will now give some examples of the use of logarithms. 
Bequired the product of 3670*257 and 12-61158. 

Log 3670-2 = 3-5646897 
5 60 

7 8 



Log 5670-257 = 3-5646965 

Log 12-611 =1-1007495 

5 172 

8 28 



Log 12-61158 = M007695 
3-5646965 



by adding the logs 4-6654660 
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•Decimal part of log 46287 -6654690 





70 


7 


66 


. 4 


40 



4628774 

Tims the required number is 46287*74, the position of the 
decimal point being determined by the characteristic 4. 

160. Required the quotient of -1234567 by 54-87645. 

. Log -12345 =1-0914911 . - 

6 211 

7 ^ 25 

Log -1234567=1-0915147 

Log 54-876 = 1-7393824 - 
4 32 

5 4^ 



Log 54-87645 = 


= 1-7393860 


. 


1-0915147 




1-7393860 


bj subtractmg 


F-3521287 


Decimal part of log 22497 


= -3521246 


2 


•41 


2 


38 


2249722 


30 



Thus the required number is -002249722; liiere are two 
cyphers before the first significant figure, because the character- 
istic of the logarithm is 3, 
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161. Required the cube of -3180236. 
Log -31802 =1-5024544 









3 


41 








6 


8 






Log- 


3180236 = 


= 1-5024593 

3 

2-6073779 


Decimal 


part 


of log 


32164 = 


= -5073701 




78 








5 


67 








8 


11.0 



3216458 
Thus the required number is •03216458. 

162. Required the cube root of -3663265. 

Log -36632 =1-5638606 

6 71 

5 6 



Log -3663265 = 1-5638683 

We have now to divide T-5638683 by 3 ; that is, we have to 
divide- 1 + -5638683 by 3. It is convenient to write the num- 
ber to be divided thus, - 3 + 2-5638683 ; then by dividing by 3 
we obtain - 1 + -8546228, that is, 1-8546228. 

1-8546228 : 

Decimal part of log 71552 = -8546218 

'~ 10 
• 2 . 100 



7155202 
Thus the required number is -7155202. 
We now proceed to the use of Trigonometrical Tables. 

163. To find the sine of a given angle. . 

If the given angle, be .oi^e which is contained in the Table of 
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the sines of angles the required sine is furnished immediately by 
the Table ; we proceed then to the case when the given angle lies 
between two which are contained in the Table. For example, re- 
quired the sine of 44** 35' 25^\ having given from the Table 

sin 44' 36' =-7021531 

sin 44° 35'= '7019459 

difference = -0002072 
The required sine of course lies between the two sines which 
we have taken from the Table; let x denote its excess above the 
sine of 44° 35', and assume that the increase of the sine is propor- 
tional to the increase of the angle, therefore 

60" : 25'' :: -0002072 : x, 

therefore x = '^x -0002072 = -0000863. 

Therefore sin 44° 35' 25'' = -7019459 + -0000863 = -7020322. 

We have thus again assumed the principle of proportional 
parts, and we shall assume it throughout the present chapter, 
reserving the investigation of it for the following chapter. 

1 64. Tojind tlie angle which corresponds to a given sine. 
If the given sine be found in the Table the required angle is 
furnished immediately by the Table ; we proceed then to the case 
when the given sine lies between two which are contained in the 
Table. For example, required the angle which has for its sine 
•6970886, having given from the Table 

sin 44° 12'= -6971651 
sin 44° 11'= -6969565 

' difference = -0002086 
The excess of the given sine above the sine of 44° IT is 
-6970886 --6969565, that is, -0001321. 
The required angle of course lies between the two angles which 
we have taken from the Table ; let n be the number of seconds in 
its excess above 44° 11', then 

•0002086 : -0001321 :: 60 : n. 
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,, . ^^ -0001321 60x1321 ^^ 

therefore n = 60 x = ss 38. 

-0002086 2086 

Therefore the required angle is 44* 11' 38". 

165. To find the cosine of a given angle. 

If the given angle be one which is contained in the Table of 
the cosines of angles, the required cosine is furnished immediately 
hj the Table; we proceed then to the case when the given angle 
lies between two which are contained in the Table. For example, 
required the cosine of 44** 35' 25'\ having given from the Table 

cos 44* 35'= -7122303 
cos 44* 36'= -7120260 



difference = -0002043 

Since in the first quadrant the cosine decreaeea as the angle in- 
creases, the required cosine will be less than the cosine of 44^ 35', 
aad the required cosine of course lies between the two cosines 
which we have taken from the Table; let x denote its defect 
below the cosine of 44* 35', then 

60 : 25 :: -0002043 : x, 

therefore « = 57; x -0002043 = -0000851. 
oO 

Therefore cos44'* 35' 25"= -7122303 - -0000851 = -7121452. 
166. Tofmd the cmgle which corresponds to a given cosine. 

If the given cosine be found in the Table the required angle is 
furnished immediately bj the Table; we proceed then to the case 
when the given cosine lies between two which are contained in the 
Table. For example, required the angle which has for its cosine 
'7169848, having given from the Table 

cos 44Mr= -7171134 
cos 44^12'= -7169106 



difference = -0002028 

T. T. 



/ 
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The given cosine falls short of the cosine of 44** 1 1' by -7 1 7 11 34 
- -7169848, that is, by -0001286 ; the required angle of course lies 
between the two angles which we have taken from the Table ; let 
n be the number of seconds in its excess above 44® IT, then 

•0002028 : -0001286 :; 60 : w, 

, ^ ^^ -0001286 60x1286 ^^ 

therefore .. = 60 x :^^^^^ = -2028— = ^^• 

Therefore the required angle is 44^ 11' 38". 

167. It will not be necessary to give examples for the otLer 
Trigonometrical Fimctions; the important fact to be remembered 
is that in the first quadrant the tangent and secant increase as the 
angle increases, and the cotangent and cosecant decrease as the angle 
increases; thus the tangent and secant are treated in the same way 
as the sine, and the cotangent and cosecant in the same way as the 
cosine. 

168. The Tables of Trigonometrical Functions which we have 
hitherto considered are called Tables of the natural Functions to 
distinguish them from other Tables which we now proceed to con- 
sider. The Table of sines of angles for example is called a Table of 
natv/ral sines; if we take the loga/rithms of the sines of all the angles 
which have been calculated we form a new Table which is called a 
Table of Logarithmic sines. Similarly, we can form a Table of the 
logarithms of the cosines of angles, and a Table of the logarithms 
of the tangents of angles, and so on ; these Tables are called respect- 
ively Tables of logarithmic cosines, Tables of hga/rithmic tangents, 
and so on. 

169. The great advantage which we obtain from these Loga- 
rithmiQ Tables is that calculations are much abbreviated with their 
assistance; this is especially the case, as we shall see hereafter, in 
what is called the solution of Triangles, We have stated as suffi- 
ciently obvious that these Logarithmic Tables may be calculated by 
taking the logarithms of the values of the Trigonometrical Functions 
which have been already tabulated; it will be shewn however in 
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the Mgher parts of the subject that the Logarithmic Tables can be 
calculated independently, that is, without the use of the Tables of 
the natural Functions. We proceed now to exemplify the use of 
the Tables of Logarithmic Functions. 

170. Since the sine of an angle is never greater than unity 
the logarithm of the sine will never be a positive quantity; also 
the same remark is true for the cosine. The logarithm of the 
tangent of an angle will be negative if the angle be less than 
45®, and the logarithm of the cotangent of an angle will be 
negative if the angle be greater than 45^ In order to avoid 
the occurrence of negative quantities in the Tables it is found 
convenient to add 10 to the logarithm of every Trigonometrical 
Function before registering it in the Tables; the logarithm so 
increased is called the Tahula/r logarithm and is usually denoted 
by the letter X. Thus Xsinj4 means the TabtUar hga/rithm 
of the sine of A, and it is equal to the real logarithm of the 
sine of A increased by ten. Of course in calculations we shall 
have to remember and to allow for this ihcrease of the real loga- 
rithms; this will be seen when we come to the soltttion of Tri- 
a/ngles. In what follows we shall exemplify the use of the Tables 
of Logarithmic Functions. 

171. To find the tahula/r logarithmic' sine of a given a/ngle. 

If the given angle be one which is contained in the Table 
of the logarithmic sines the required result is furnished imme* 
diately by the Table; we proceed then, to the case when the given 
angle lies between two which are contained in the Table. For 
example, required the tabular logarithmic sine of 44** 35' 25"-7, 
having given from the Table 

L sin 44'' 35' 30" = 98463678 

. Z sin 44'' 35' 20" =9-8463464 

difference = -0000214 

The required tabular logarithmic sine lies of course between the 
two which we have taken from the Table; let x denote its excess 

8—2 



116 USE OF LOGARITHMIC 

above tlie tabular logaritbinic sine of 44^ 35' 20"; then by the 
principle of proportional parts 

10 : 5-7 :: -0000214 : x, 

thus aj = ^ X -0000214 = -0000122. 

Therefore L sin 44' 35' 26" -7 = 9-8463464 + -0000122 = 9-8463586. 

172. To find the am/gle which corresponds to a given tdbvZar 
logarithmic sine. 

If tke given tabular logarithmic sine be found in the Table 
the required angle is ftimished immediately by the Table; Mre 
proceed then to the case when the given tabular logarithmic sine 
lies between two which are contained in the Table. For example, 
required the angle which has for its tabular logarithmic sine 
9-8432894, having given from the Table 

Z sin 44nr 40" = 9-8432923 

Z sin 44nr 30" =9-8432707 



difference = -0000216 

The excess of the given tabular logarithmic sine above that of 
44' 11' 30" is 9-8432894 - 9-8432707, that is, -0000187. The re- 
quired angle of course lies between the two angles which we have 
taken from the Table; let n be the number of seconds in its excess 
above 44^11' 30", then 

•0000216 : -0000187 :: 10 : n, 

^, r in -0000187 10x187 ^- 

therefore n= lOx^^^^^^^ = ^^^ = 8-7. 

Therefore the required angle is 44^* ir38"-7. 

173. To find the tahvlar logarithmic cosine of a given cmgle. 

If the given angle be one which is contained in the Table of the 
logarithmic cosines the required result is furnished immediately by 
the Table; we proceed then to the case when the given angle lies 
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between two which are contained in the Table. For example, re- 
quired the tabular logarithmic cosine of 44° 35' 25^' 7, having given 
from the Table 

Z cos 44° 35' 20" = 98525789 
L cos 44° 35' 30" = 9 8525582 



difference = -0000207 

The required tabular logarithmic cosine lies of coarse between 
the two which we have taken from the TaUe, and is less than the 
tabular logarithmic cosine of 44° 35' 20"; let x denote ira defect 
below the latter; then 

10 : 5-7 :: -0000207 : x, 
thus x=^ X -0000207 = -0000118. 
Therefore Z cos 44° 35' 25" -7 = 9 -8525789 - -0000118 = 9-8525671. 

174. To find the amgle which corresponds to a given tabtUar 
logarithmic cosine. 

If the given tabular logarithmic cosine be found in the Table 
the required angle is furnished immediately by the Table; we 
proceed then to the case when the given tabular logarithmic cosine 
lies between two which are contained in the Table. For example, 
required the angle which has for its tabular logarithmic cosine 
9-8555086, having given from the Table 

Z cos 44° 11' 30" = 9-8555264 
Z cos 44° ir 40" = 9-8555060 



difference = -0000204 

The given tabular logarithmic cosine falls short of that of 
44° 11' 30" by 9-8555264-9-8555086, that is, -0000178. The 
required angle of course lies between the two angles which we 
have taken from the Table; let n be the number of seconds in its 
excess above 44° ir 30"; then 

-0000204 : -0000178 :: 10 : n, 
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.t. ^ „ -0000178 1780 „_ 

therefore » = 10 x ^^^^^^oi = 2(M = ®'^- 

Therefore the required angle is 44® 1 1' 38" '7. 

175. It will not be necessary to give examples for the other 
Trigonometrical Functions ; the important feet to be remembered 
is that in the first quadrant the tabular logarithms of the tangent 
and secant increase as the angle increases, and the tabular logarithms 
of the cotangent and cosecant decrease as the angle increases; thus 
the tangent and secant are treated in the same way as the sine, and 
the cotangent and cosecant in the same way as the cosine. 



EXAMPLES. 

1. Given log 12440 = 4-0948204, 

log 12441 =4-0948553, 
find log 12440-35. 

2. Given log 1-0686= -0288152, 

log I -0687 = -0288558, 
find the number of which the logarithm is -0288355. 

3. Given log 23456 = 4-3702640, 

log 23457 =4-3702725, 
form a table of proportional parts for the intermediate numbers, 
and find log -2345638. 

4. Find the number whose logarithm is — (1 -87531 i5), having 
given 

log 1-3325 = -1246672, log 1-3326 = -1246998. 

5. Given log 3-855 = -5860244, 

log 3-8551 = -5860356, 
find log (-00385504)*. 

6. Given log 24 = 1-3802112, 

log 4-8989= -6900986, 
log 4-8990= -6901074, 
find (24)« to six places of decimals. 
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7. Given log U271 = 4-1544544, 

log 20313 = 4-3077741, 
log 20314 = 4-3077954, 
find (142-71)T. 

8. Given log 7= -8450980, 

log 58751 = 4-7690153, 
log 58752 = 4-7690227, 
find (07)^ to seven significant figures. 

9. Given log 2 = -3010300, log 5-743491 = -7591760, 
find the fifth root of -0626. 

10. Given log 2 7 = -4313638, log 5-172818 = -7137272, 
find the value of 27 ~ ^. 

11. Given log 71968 = 4-8571394, diff. for 1 = -0000060, 
find the value of 4^(*0719686) to seven places of decimals. 

12. Given log 103 = 2-0128372, log 7440942 = 6871628, 
find(l-03)-^^ 

13. Pind the value of 64 {1 - (1-05)""*}, having given 

log 105 = 2-0211893, log 37689 = 4-5762140. 

14. Find approximately 5^*, having given 

log 2= -301030, log 1-562944 = -193943, 

log 349485 = 5-543428, log 3-655 = -662887, 

log 3-656 =-563006. 

15. Having given 

log 12 = 1-0791812, log 1-257915 = -0996512, 

log 1-121568= -0498256, find the value of 
{l-44)-«-(l-44)-". 

16. Having given 

log 105 = 20211893, log 5303214 = 6-7245391, 
log 3768894 = 6-576214, find the value of 



•05\(l-05y* (1-05) 



(1-05)«T 
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17. Given 



find 



la Given 



find 



19. Given 



find 



20. Given 



find 



21. Given 



find 



sin 47* = -7313537, 
sin 48" =-7431448, 
sin 47* 1'. 

sin 7Mr= -1267761, 
sin 7M 8' =-1270646, 
sin7nr25". 

Z sin 17n'= 9-4663483, 
Zsinl7*' =9-4659353, 
Z sin 17" 0' 12". 

Z8in26" 24' = 9-6480038, 
Z sin 26" 25' = 9-6482582, 

Z sin 26" 24' 12". 

Z cot 72" 15' = 9-5052891, 
Z cot 72" 16' = 9-5048538, 
Z cot 72" 15' 35". 



22. Given Z cot 81" 46 '= 9-1604569, dijff. for 10" = -0001486, 
find the angle whose Zcot is 9*1603493. 

23. Given Z cos 20" 35' 20" = 9-9713351, difference for 10'' 
= -0000079, find the angle whose Z cos is 9-9713383. 

24. Given Z cos 34" 24' = 9-9165137, diff. for 1' = -0000865, 
find Z cos 34" 24' 26'\ and also the angle whose Z cos is 9-9165646. 

25. Given Z sin 37" 19' = 9-7826301, diff for 1'= -0001657, 

Z cos 37" 19'= 9-9005294, diff for 1'= -0000963, 
find Z sec 37" 19' 47", and Z cot 37" 1 9' 47" 

26. Given Z sin 32" 18' = 9-7278277, diff for 1'= -0001998, 

Zcos 32" 18' = 9-9269913, diff. for 1'= -0000799, 
find Z sine, Z cosine, and Z tangent of 32" 18' 24"- 6. 



( 121 ) 



. XII. THEORY OF PROPORTIONAL PARTS. 

176. We shall now investigate the principle of proportiomd 
parts, the truth of which was assumed throughout the preceding 
chapter. . The logarithms in the present chapter are supposed to be 
logarithms to the base 10; and we will suppose that the Table of 
logarithms is calculated to seven places of decimals, and that it con- 
tains the logarithms of every whole number from 1 to 100000. 

177. To aheuo that the change of the logarithm is approodmately 
proportional to the change of ike nvmiher, 

'We know that log (w + cf) - log » = log =log( 1 +-), 

aadbyArt.148, log(l H- ^)=/^(^24. . ^.-.). 
where /i. is the modulus, so that /i. = '43429448 

Suppose that 7& is an integer containing five figures so that n is 
not less than 10000, and suppose that d is not greater than unity. 

Then ^ is less than j (t^x^) , and a fortiori less than -000000003 ; 

— is less than one ten-thousandth part of this, and so on. 
on 

Hence at least as far as seven places of decimals we have 

log (w + fl?) - log w = — . 

This equation establishes the i-equired result; for it shews that 
if the number be changed from nU>n-\-d the corresponding change 

in the logarithm is approximately — , that is, the change of the 

logarithm is approximately/ proportional to the chamge of the number. 

178. The principle of proportional parts is thus sheVn to hold 
in the case of the logarithms of numbers to a sufficient degree of 
accuracy for practical use. For when we wish to find the loga- 
rithm of a given number we can suppose the decimal point in the 
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number placed after the fifth figure, so that the number is thus 
made to lie between two which differ by unity and which are both 
contained in the Table; and we have shewn that as fisu: as seven 
places of decimals the change of the logarithm is proportional to 
the change of the number. Then we can if necessary change the 
position of the decimal point and make the corresponding change 
in the charcictenstic of the logarithm; and thus we finally obtain 
the logarithm of the original given number. Similarly we may 
proceed if we want to find the number which corresponds to a 
given logarithm lying between two in the Table. 

179. We will now shew how the result of Art. 177 is applied 
in practice. "We have 



8 suppose, 



Now 8 being the difference of two known logarithms is furnished 
immediately by the Table; and to obtain iJie logarithm of {n + d) 
we multiply this known quantity 8 by the given fraction d and add 
the product to the logarithm of n. This is the rule which was 
used in the preceding chapter, Art 153^ in order to find the 
logarithm of a given number. 

Again, suppose we require the number which corresponds to a 
given logarithm. Let n and w + 1 be integers between which the 
required number lies, and denote the required number hj n-¥d. 
Then log {ri ■¥ d) — logn is known; call it a, and let 8 denote the 

known quantity log (w + 1) - log w; thus c?8 = as; therefore d=^. 

This is the rule which was used in the preceding chapter, Art. 157. 

180. We shall now proceed to examine how far the principle of 
pix>portionaI parts holds in the case of the natural Trigonometrical 
Functions; this we shall do by considering these Functions sepa- 





log (n + ^ -log w = — , 


also 


log (w + 1) - log n = - = J 


thus 


login + e?) = logn + e?8. 



r 
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rately. "We shall suppose througliout this chapter that the angles 
which occur are positive angles not exceeding a right angle; this is 
sufficient because it has been shewn that any Trigonometrical 
Function of any angle is equal to the same Function of some posi- 
tive angle not exceeding a right angle; see Art 55. 

181. To prove that in general the change of the sine of an 
angle is approximately proportional to the change of the angle. 

We have sin (tf + A) -sin = sin ^ cos fl- sin ^(1 -cos A) 

. T >i /, X yv l-cosA\ 
= 8inAcos0 ( 1-tan^ — : — =— ) 



= sinAoos^ (1-tanfltan^j 



Let us now suppose that h is the circular measure of a very 
small angle ^so that sin h = h approximately; thus, approximately, 

8in(e + A) -sin ^=A coB^ ^1 -tan etan^V 

let us also suppose that $ is not very nearly equal to ^r so that 

tan is not very large, and thus tan 6 tan ^ may be neglected. 

We have then, approximately, 

sin {$ + h)- sin 6 = hcoB0, 
and this establishes the proposition. 

Similarly, sin (^ - A) — sin ^ = — A cos 5 approximately. 

182. We may however require to know more exactly the 
amount of error to which we are liable in using the result of the 
preceding article; this point we will now examine. The approx- 
imate value of sin (^ + A) -t- sin^, is A cos^, while the exact value is 
sin Acos ^ - (1 - cos A) sin $ ; thus to obtain the approximate value we 
change sin A into A in the first term of the exact value, and we neglect 
the second term of the exact value. First then cpnsider the error 
produced by writing A for sin A. The circular measure of an angle 
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IT 

of one degree is t^j and bj Art. 130 sin A cannot diflfer from h hj 

A' 
so much as -^, so that it may be shewn that for an angle of one 

degree the sine cannot differ from the circular measure by so much 
as -0000001. Hence if our calculations extend to only seven 
places of decimals no error will be introduced by changing sin h 
into h even for an angle of one degree, and a fortiori no error will 
be introduced by the change if we restrict A to be not greater than 
the circular measure of an angle of one minute, Next consider 
the error produced by neglecting the term sin ^ (1 — cos A), that is, 

2 sin^ sin*^ . Since sin ^ is never greater than unity and sin ^ is 

h h^ 

less than ^, the value of the term neglected is less than -3-; and if 

h be the circular measure of an angle of one minute -^ is less than 

•0000001. Hence if our calculations extend to only seven places 
of decimals no error will be introduced by neglecting the term 
sin ^ (1 — cos^) if we restrict ^ to be not greater than the circular 
measure of an angle of one minute. 

Therefore if we have a Table of natural sines calculated for 
every minute to seven places of decimals, no error will be intro- 
duced by our calculating to seven places of decimals the sine of an 
angle which lies between two in the Table from the formula 
mi {$ + h) - sinO =h cobO. 

183. "We will now shew how this result is applied in practice. 
Suppose that we have a Table of natural sines calculated for every 
minute, and that we require the sine of an angle which lies be- 
tween two in the Table. Let k be the circular measure of an angle 
of one minute ; let and O + khe the circular measures of the angles 
in the Table between which the given angle lies, and let 6 + hhe 
the circular measure of the given angle. Then 

sin (O + k)^ sin 6.=kooa$=& suppose, 



THEOBT OF PROPORTIONAL PARTS. 125 

sin(S + A)-Biii^=Acosfl = 7 S; 

thus siii(d + A) = smfl+ T8 = Bind+grr8, 

where 8 is the number of seconds in the angle of which A is the 
circnlar measure. Now 8 is the difference between two consecutive 
sines in the Table, and is therefore furnished immediately by the 

g 
Table, and we must multiply this known quantity by ^ and add 

the result to sin S in order to obtain sin {6 + h). This is the rule 
which was used in the preceding chapter, Art. 163. 

Again suppose that we require the angle which corresponds to 

a given natural sina Let k be the circular measure of an angle of 

one minute; 6 and + k the circular measures of angles in the 

Table between which the required angle must lie, and let ^ + A be 

the circular measure of the required angla Then sin (0 + A) — sin 

is known; call it Xy and let 8 denote the known quantity 

A8 h X 

8in(^ + A;)-sintf; therefore ^=fC, therefore r =j; let 8 be the 

number of seconds in the angle of which the circular measure is A, 

then^ = J, therefore 8 = —^, This is the rule which was used 

in the preceding chapter. Art. 164. 

184. When 6 is nearly ^, since cosd is then veiy small, the 

term h cos 6 will be very small if A be the circular measure of a 
small angle. Thus the difference between the natural sines of two 
angles, each of ^hich is nearly equal to a right angle, is very small; 
this is expressed by saying that the differences in the sines of con- 
secutive angles are nearly insensible when the angles are nearly 
equal to a right angle. There is also another point to be noticed 
in this case ; we have 

sin (d + A) -sin tf =Bin A cos tf- (1 - cos A) sin 0; 
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the ratio of the second term to the first is numerically 

sin 0(1— cosh) 
cos ^ sin ^ * 

* h TT 

that is, tan 6 tan ^ , and when is nearly equal to -^ this rcUio 

will be a sensible quantity unless ^ be extremely small. Thus the 

second term ought not to be rejected in comparison with the first 

term unless ^ be extremely smalL This is expressed by saying 

that the dilSbrences in the sines of consecutive angles are irregulcur 
when the angles are nearly equal to a right angle. In the present 
case this irregvlarity is not of much importance on account of the 
accompanying insensibility, 

185. We have shewn that, approximately, 

sin (^ + A) — sin tf = ^ cos S; 

change S into « - ^> tbus 

sin ( f - ^ + ^) - 81^ (I - tf' j = A cos (X — ff\ , 

that is, cos(^-A)-cos^ = Asin^; 

and by changing the sign of A . 

cos (^ + A) — cos ^ = - A sin ^. 

It is convenient to deduce this formula from that already 
proved, because we thus know, without a new investigation, the 
amount of error to which we are liable in using it; it may how- 
ever be proved independently, as we will fiow shew. 

186. To prove that in, general the chan^ge of the cosine of an 
angle is approadmately proportional to the change of the angle. 

We have 

cos (0- A) -008 = sin A sin 0-008 0(1 -cos A) 
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, 1 - cos ^\ 



= sin A sin S ( 1 — cot ^ 



(-< 



sin^ 



srsinAsintf n -cot^tan^j. 



Let lis now suppose that h is the circular measure of a very 
small angle, so that «mh = h approximately; thus, approximately, 

cos(^-A)-cosfl = ABin^n-cot^tan^j; 

let us also suppose that 6 is not very small, so that cot 6 is not veiy 

large, and thus cot^ tan ^ may be neglected We have then, 

approximately, 

cos (tf - A) - cos d = A sin tf, 
and by changing the sign of h^ 

cos (tf + A) - cosifl = - A sin ^; 
and this establishes the proposition. 

187. From the i*esult of the preceding article, we can deduce 
the rule used in Arts. 165, 166 of the preceding chapter; the 
method is the same as that which we have already given in Art. 
183. The only peculiarity to notice is that the cosine diminishes 
as the angle increases. 

And by proceeding as in Art 184 we see that the differences 
in the cosines of consecutive angles are nearly insensible and are 
also irregular when the angles are very small. 

188. To prove that in general the chamge of the tangent of an 
angle is approximately proportional to the change of the angle. 

TXT T. X //J iv X /J sin(tf + A) sin^ 

We have tan (tf 4- A)~ tan fl = — )^ — r( 2 

^ ' cos(^ + A) cosd 

_ sin(tf + ^)cos^-co8(tf4-A)sintf sin(g-t-A-^) sinA 

cos (^ + h) cos e ~ cos (^ + A) cos d " cos {6 + h) cos 

sin h tan h 

~cos'^(co3A-sinAtan"^~cos*tf(l-tantftanA)' 
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Let us now suppose that A is so small that we may put h for 

tan hj and also that 6 is not nearly equal to ^ so that tan B tan h 

may be neglected. We have then, approximately, 

h 



tan(^ + A)-tand=— ^=Asec'^, 



also by changing the sign of h 

tan(^-A)-tand = -Asec'^; 
this establishes the proposition. 

189. From the result of the preceding article we obtain the 
same rule for the tangent as we obtained in Art. 183 for the sine. 
We will now proceed to examine the amount of error to which, 
we are liable in using the approximate formula of the preceding 
article. We have 

^an^^ a^ , =tenAsec'g(l-tangtanA)-^ 
cos*^ (1 - tan ^ tan K) ^ ' 

= tanAsec'^(l + tantf tanA + tan*dtan*A+ ...)j 
thus if we take only the first term tan A sec'tf we neglect a series 
of terms beginning with tan'Asec'^ tan^, that is approximately 
A'(l +tan*^) tan ft Now if we have a table of natural tangents 
calculated for eveiy minute and we wish to find the natural 
tangents of intermediate angles the greatest yalue of ^ is the cir* 

cular measare of one minute, that is, -zt-etr — i^ > or '0003 approxi- 

180 X 60 

mately. Hence the numerical value of the greatest error is not 

less than (•0003)' (1 + tan'S) tau ^, and therefore even if tf be not 

greater than j we are liable to an error in the seventh place 

of decimals. If, however, we have a table calculated for every 
ten seconds the greatest value of h is- the circular measiu^e of 

ten seconds, that is, -^^r — ^ — ^, or -00005 approximately; in 

this case we shall be free from error in the seventh place of 
decimals until tan B is about as great as 6 ; the table shews that 
tan 80^ is rather less than 6. 



r 
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1 90. Since tan {0 + h) - tan 6 = h sec' approximately, and 
sec $ is never less than unity, the differences of consecutive tan- 
gents are never insensible; but as we have shewn in the preceding 
article, the differences are irregular when the angles are nearly 
right angles. 

191. We have shewn that appi*oximately 

tan {O + h)" tan O^haec'O; P 

change 6 into x — ff, thus 

tang-^ + ;t)-tang-^)=Asec"g-6KV 

that is cot {0' -h)-cotff = h coseo' ffy 

and by changing the sign of h 

cot (^ + A) - cot ^ = - K cosec* ff. 
This may be proved independently, as we will now shew. 

192. To prove thcvt in general the change of the cotangent of 
an angle is approxMnately proportional to the change of tlie a/ngle. 

We have cot (^ - A) - cot ^ = -^-7^ — tv--^— 71 

^ ^ sin(^-A) sin^ 

cos {0 - h) sin ^ - cos ^ sin {B — h)_^ sin {9— Q-\-h) 

"" sin {0 — h)%iiiO ^ sin (0 - h) sin 6 

sin h _ sin ^ 

"" sin {6 — h) sin b ~ sin* d (cos A — sin A cot 6') 

_ tan^ 

~sin»^(l-tanAcot^)' 

-Let us now suppose that A is so small, that we may put h for 

tan A, and also that ^ is not very small, so that cot ^ tan h may be 

neglected. We have then approximately 

h 
cot (^ - A) - cot ^ = -r-TTi = ^ cosec' Q. 

also by changing the sign of A , 

cot (^ + A) - cot ^ = w A cosec'^; 
this establishes the proposition. 

T. T. 9 
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193. To prove that in general the change of the %eca/ifd of an 
angle is proportional to the change of the angle. 

1 1 
We have 8ec(^ + A)-sectf = jr: — r^ ^ 

^ ' C08(^ + A) COSS 

_ COS tf - COS (tf + A) _ sin A sin ^ + (1 - COS A) COS ^ 
"" cos 6* cos ((^ + ^) co8*^(cos/* — sinAtan'^) 

tan h sin |9 ( 1 + tan ^ cot j 
" cos"^(l-tan^tanA) * 

Let us now suppose that A is so small that we may put A for 
tan A> and also that 6 is neither very small nor very nearly equal 

to ^, so that tan B tan h and cot 6 tan ^ may be neglected. We 

have then approximately 

sec (S + A) - sec tf = r?r = Asin ^ sec'S, 

also by changing the sign of h 

8ec(^-A)-secfl = -Asin^8ec*^; 
this establishes the proposition. 

194. We have shewn that approximately 

sec (d + A) — sec tf = A sin S sec'fl; 

change 6 into o — ^> thus 

secg-^ + A)-secg-e')=*rin(f-.^)sec'(|-<^). 

that is oosec {ff —K) — cosec ff^ h cos ff cosec*^, 

and by changing the sign of A 

cosec (^ + A) - cosec ^ = - A cos ^ cosec* d'. 
This may also be proved independently. 

195. The amount of error to which we are liable in using the 
approximate formulsd of the preceding two articles may be in- 
vestigated as in Art 189. It wiU be seen that the differences of 
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consecutive secants are insensible and irregular when the angles 
are very small, and they are irreguUvr when the angles are nearly 
right angles; the differences of consecative cosecants are vrregvla/r 
when the angles are small, and insensible and irregula/r when the 
angles are nearly right angles. 

We will now proceed to examine hoW far the principle of pro- 
portional parts holds in the case of the Logwrilhime Trigonometrical 
FtmcUans, 

196. To prove that in general the change of the tabula/r loga- 
rithmic sine of an angle is approodmately proporHonal to the charge 
of the angle. 

We have approximately sin (0 + h) = sintf + A costf, 

therefore ^. ^ ^ =1 +Aootfl: 

sinv ' 

therefore log sin (d + A) - log sin = log [ ^ ■ = log (1 + A cot 0)y 

and log (1 + A cot 0)=iih cot approximately (Art. 148), where /x is 
the modulus; thus approximately 

log sin (tf + A) - log sin fl = /iA cot i9, 
also by changing the sign of h 

logsin (^- A)- log sin fl = -/LtAcot^. 
If X stand for tabular logarithm, we have 

Xsin(^+A)=10 + logsin(^ + A), 
X sin tf = 10 + log sin ^ ; 
therefore Zsin (^^A)-Z8in0=A/LtAcat0. 

This establishes the proposition. 

197. We will now shew that in general the principle of pro- 
portional parts holds approximately in the case of the other 
tabular logarithmic functions, and then we will consider the 
amount of error to which we are liable in using the approximate 
formulsa. 

198. We have shewn that approximately 

Xsin(fl+A)-XBintf = /AAcottf, 

9—2 
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change into « — ^> ^^^^ 

Xsing-e' + A)-Zsing-^')=Mcot(|-^), 

that is Lcos{iy-h)-LcosO\=fjLhiaJiff, 

and by changing the sign of h 

L coa{ff + h) -L coaff = - fjJb tan ^. 

This proves the principle in the case of the tabular logarithmic 
cosines. 

199. We have shewn that approximately 

log sin (O + h) — log Hiji$ = fih cot 0, 
and logcos(^ + ^)-logcosS = -fiAtantf; 

then by subtraction 
log sin (^ + A) -log cos (^ + A)-{logsin^-logcos^}=/;uA(cot5+tan^, 

that is log tan {0 + hy logtan^ " SnM' 

therefore Z tan (^ + A) - Z tan ^ = -tAttj > 
and by changing the sign of h 

Ztan(^-A)-Ztan^ = — ^Hwj. 

^ ^ sin W 

This proves the principle in the case of the tabular logarithmic 
tangent^ By changing into ^ - ^ we obtain 

^ 2/aA 

L cot{ff ^h)''L cot 0" = ^^^^; 

this proves the principle in the case of the tabular logarithmic 
cotangents. 

200. We have shewn that approximately 

log sin (O + h)" log sin S = /xA cot 0, 

therefore log^^^^ -log ^-i^=- Moot «, 

that is log cosec {0 + h)- log cosec = -fih cot 0, 
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therefore L cosec (tf + A) - Z cosec tf = — /aA cot tf, 

also by changing the sign of A 

L cosec (^ — A) — Z cosec B=^ lih cot ^; 
this proves the principle in the case of the tabular logarithmic 

cosecants. By changing B into - — ^, we obtain 

Z sec (^ ^ A) — Z sec ^ = T fiA tan ff] 
this 'proves the principle in the case of the tabular logarithmic 
secants. 

201. From the results of Arts. 196—200 we obtain the rules 
which were exemplified in Arts. 171 — 174. It will be observed 
that we have deduced the approximate formuke for all the other 
logarithmic functions from that of the logarithmic sine; thus if we 
investigate the amount of error to which we are liable in the case 
of the logarithmic sine^ we shall know the amount of error for all 
the other logarithmic functions. The approximate formulsB how- 
ever for the other logarithmic functions may be obtained inde- 
pendently, and we will for example give the investigations for the 
logarithmic cosine and the logarithmic tangent. 

202. To prove that in general the change of the tahutar logor 
riihmic cosine of an angle is approximately proportioned to the 
change of the angle. 

We have approximately cos {9 — A) = cos fl + A sin ^, 

therefore — ^^-^^ = 1 + A tan ^, 

cose' 

therefore log cos {6-h)- log cos = log ^ ^ ' = log (1 + A tan ^), 

and log (1 + A tan 0) = /xA tan tf approximately (Art. 148), 

therefore log cos {6-Kj — log cos ^ = /aA tan 6 approximately, 
therefore Z cos (tf - A) - Z cos S = /xA tan tf, 
and by changing the sign of A 

Z cos (^ + A) - Z cos tf = — /iA tan B. 
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203. To pr&i)e.thatm general, the change of the tabtdair loga- 
rithmic tangent of an angle is approgdmat^ly proporiionqil to the 
chatige of the amgle. 

We have approximately ta& (d + h) = tapfl-f haec'O, 

therefore — -^^-—1= 1 + - — _ = 1 + 2A cosec 20, 

therefore log tan (tf + A) - log tan $ = log (1 + 2h cosec 20) 

= 2fjLh cosec 20 approximately, 
therefore^ L tan (0^ + h) — Z ,tan = 5fiA cosec 2$, 
fgid/by cba«ging *h© sign, of-Ai 

jDtan {0^h) - J&tan $ =.- 2jxA cosec 2^ 

204: We will now proceed' to consider the amount of terror to 
which we are liable in using the approximate formula- 

ii, sin (5 + A) - Z,m^0r= //A cot A, 

In obtaining this formola log (1 +A'Cot<9) was taikea equal to 

fjih Qot0, so that the square and> higher powers of h cot-d were 

neglected. 5ut when is very small cot.^ is very large, and thus 

, A*cot'^ may be too large to be neglected; this case then, will 

require further examination. 

We have shewn in Art. 181 that 

sin (6 + A) -» sin ^ = sin A cos ^ ( 1 - tan tan ^ J ; 

let us suppose A^ so small that we may write A for sin h and ^ for- 

tan ^ ; thtiB apprpxiipately 

sin {0+h)-wjpi0?=h cos - -g sin 0, 

therefore «H4^)=,l+Acot<9-^', 

sm^ 2 
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therefore bg ^EL^li) = log (l + Acottf-|^ 

=M(Acot«-^j-^^Acotfl-|y+...(Art.l48) 
= Mcotfl-^(l+coftf) + ...; 
thus if we omit powers of h iHgher than W we have 

log sin {0 + /*) -logaiu d=» /Di4 QoiB^~(ioai&c?&^, 

If our Table is calculated to every ten seconds, then the 

greatest value of A is the circular measure of ten seconds, that is 

about -00005; and /i, = i approximately. Thus the greatest error 

, ■■•« 'i«««. 1 6 oosec -_, , 

to which we are liable is about — ttho— • This error will become 

sensible in calculations to seven places of decimals if is less than 
an angle of 5", for the tables shew that the sine of 5® is less than 
^ and so the coseount of 5^ is. greater than 10. 

ISius we see thajb thet differences of consecutive lo^irithmio 
sines are irregiUa/r when the angles are very small. 

When $ is very nearly a right angle,, cot ^ is very small 
while cosec"^ is not very small; thus the above formula for 
log sin (^ + A) — log sill shews that the differences of consecutive 
logarithmic sines are nearly insensible when the angles are nearly 
equal to a. right angle, and that these differences are at the same 
time irregvla/r. 

From these results we can immediately infer the correspond- 
ing results for the logarithms of the other Trigonometrical fimc- 
ti<^s; tbey will be found enunciated in Axt 20|5.. 

205. It appears from the preoeding article, that when an 
angle is smaU it cannot be accurately determined from its loga- 
rithmic sine nor the logarithmic sine from the angle by means of 
the common tables,, because although the differences of consecutive 
logarithmic sines are then sensible, yet they are irregula/r. To 
obviate this difficulty three methods have been proposed. 
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First Method. We may have a Table of logarithmic sines 

calculated for every second for the first few degrees of the quadrant ; 

in this case the greatest value of A is the circular measure of one 

h' 
second, and thus -^ cosec'tf becomes small enough to be neglected. 

Second Method. This is called Delamhre^s Method. A Table 
is constructed which gives the value of log —^ + L sin 1" for e very- 
second for the first few degrees of the quadrant 

Let B be the circular measure of an angle of n seconds, then 
^ = n sin 1" approximately (Art. 123), 

therefore log —rr- = log — ,—y, = log sin w" - log w - log sin 1", 

= L sin n" — log w - Z sin V\ 

therefore log w = i sin n" - ( log —^ + L sin 1" j . 

If the angle is known, then the Table gives the value of 

log — ^— + L sin 1", and log n can be found from a Table of the loga- 

rithms of numbers; thus the formula enables us to find L sinn'. 

If the value of L sin n^ is given, and we have to find w, we pro- 
ceed as follows; since L sinw" is known we can find approxvmately 
the value of the angle, and then from the Table we get the value 

of log - yr- +i sin 1"; then the formula gives us log n, and we can 

find 71 by an ordinary table of logarithms of numbers. In this 
operation we are liable to an error by using an approximate value 

of — ^- instead of the real value. But it may be inferred from 
u 

Chap. IX. and will be more fiilly shewn hereafter, that when is 
small —K- is very nearly equal to 1 — -^ , and thus a small error in 
will not produce any sensible error in our calculations, since 
log - ^— will vaiy fiir less rapidly than 6. 
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Third Method. This is called Maakelyne's Method. It may be 
nsed if Tables such as those described in the other methods are 
not accessibla 

It maybe inferred from Chap. ix. and will be more fully shewn 
hereafter, that when $ is very small we have approximately 

sin^ = tf — -^, costfssl--^; 

therefore '~i9~~^"""fi~l "q) approximately, 

= (cos ^)i approximately, 
therefore log sin ^ = log ^ + J log cos approximately. 

This formula gives log sin^ at once if B be given. If log sin^ 
be given, we must find an approximate value of By and then find 
log cos B approximately ; then we have 

log ^ = log sin S - J log cos ft 

Here since cos B varies far less rapidly than By we are free from 
sensible error by using an approxirtuUe value of log cos B instead of 
the real value. A similar formula may be found for the tangent 
of a small angle; for 

= 1 + -g- = n - -^ j approximately, 
therefore log tan ^ = log - | log cos B approximately. 

206. We will now sum up the results of the investiga- 
tions of the present chapter. 

The principle of proportional parts is applicable to all the 
trigonometrical frinctions natural and logarithmic with certain 
exceptions, which occur when the angles are small or nearly equal 
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ta a rigjit angle. In tbe exceptional oases the di^rences of 
coQseciutiye fouctioii^ are sometimes irregular onlf^; sometimes^ 
they are nearly insenmble, and then they are also irregtdao'i 

Fbr the lutimred fn/ncUont we have the following ei^oeptional 
cases. For the sine, the diffei^noes are insensible wh^n the> angles 
are nearly right an^es ; for the cosine they are insensible when 
the angles are smalL For the tangent the differences are ir- 
regular when the angles are nearly nght angles ; for the cotangent 
they are irregular when the Singles are small. For the. secant; 
the differences are insensible when the angles are small, and 
irregular when they are nearly right angles; for the cosecant 
the differences are irregular, when the angles are small,, and in- 
sensible when they are. nearly right angles. 

Food every. Idgarkbmdc /un(Aicm> the principle of proportional 
parts fails both when the angles are small and when they are 
nearly right angles. Eor the log sine and the log cosecant the 
differences are irregular when the angles are small, and insensible 
when they are nearly right angles. For the log cosine and the 
log secant the differences are insensible when the angles are 
small, and irregular when they are nearly right angles. For the 
log tangent and the log cotangent the differences are irregular 
when the angles are. small and when they are nearly right angles. 

207. In using Trigonometrical Tables it. is necessary to avoid 
as much as possible the cases in which the principle of pro- 
portional parts does not hold. In other words, we must endeavour 
to use a Table such .that the differences of the function corre- 
sponding to given small differences of the angle are both sensible 
and regyla/r. If the differences of the fimction are insensible 
for a certain number of decimal places we cannot by any method 
determine the value of the function for any intermediate angle, 
or perform the converse operation, so long as we are restricted 
to the certain number - of ^ decimal plaoep. If > tiiaie. differeBces of 
the function are vrreguUur we cannot determine 'the value of. the 
function fori am intermediate angle^ OV' perform the oonvenae 
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operation, by the principle of proportional parts^ tbough we may 
by retaining the term» wbich were neglected in the first approxi- 
mation. 

208. If we have to determine an angl^ from its natural 
sine or cosine it will' be advisable to employ the natural sine 
if the angle be l6ss than 45* and the natural cosine if the angle 
be greater than 45*. For the differences of consecutive sines 
vary approximately as the cosine of the angle, and the differences 
of consecutive cosines vary approximately as the sine of the 
angle; tbu3 the differences of consecutive sines are gi*eater or 
less thi^n the differences of consecutive cosines according as the 
angle is less or greater, than 45^ A similar remark holds fpr 
the logarithmic sine and cosine. 

209. The. student who i» ao(|iwxited' with tb& elements of 
thp Differential Calculus will see that all the results of the present 
chapter may be obtained from Taylor's Theorem; and. thus these 
results, may be easily retained, in thememoiy, or a^t least readily 
recovered when required. For example, consider the natural 
sine; we have by Taylor's Theorem 

A* 
8in(tf + A)=: sin^ + Acos^- -^ sin (^ + XA), 

where X is some proper fraction. This formula shews that if 

Bin (tf + A)t=swx^ + A.COS tf 

A*' 
the error is less than -jr . Moreover we see that when 6 is small the 

principle of proportional parts is especially af^caMe, for then 
the term -5- 8in(^ + XA) is extremely small in comparison with 

hcqs9i aAd.on the other hand, wheA.6> isi Aearly,^ the pi'inciple 

is not so appropriate, because then -^ sin {0 + AA) may be sensible 
in comparison with A cos 0. 
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Again, by Taylor^s Theorem, we have 

log sin (^ + A) = log sin tf + /i^ cot ^ - ^-~- cosec* {6 + Xh), 

where fi is the modulus and X some proper fraction. This equa- 
tion shews that the principle of propoi-tional parts is in general 
applicable for the logarithmic sine, but that the differences of 
consecutive logarithmic sines are irregular when the angles are 
small, and insensible and irregular when the angles are nearly 
right angles. 

210. The following application of Taylor's Theorem will give 
a good mode of estimating the amount of error involved in the 
principle of proportional parts. Take the logarithmic sine for 
example; we have 

logsin(tf + A) = logsin^ + fiAcot(^ + XA), ' 

where X is some proper fraction. Thus the approximation 
uses cot^ instead of cot(^ + XA). The true value in fact of 
log sin (^ + A) — log sin B must lie between /Jt cot ^ and /Ji cot (tf + A), 
so that the error is less than /xA {cot B - cot {$ + h)}. 



MISCELLANEOUS EXAMPLES. 

1. From one of the angles of a rectangle a perpendicular 
is drawn to its diagonal, and from the point of their intersection 
lines are drawn perpendicular to the sides which contain the 
opposite angle; shew that if p and p' be the lengths of the 
perpendiculars last drawn, and c the diagonal of the rectangle, 

2. If two circles whose radii are a and b touch each other 
externally, and if be the angle contained by the two common 
tangents to these circles, shew that 



(a + by 
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3. Given sec a seed + tan a tan ^ = sec )3, find tan A 

4. Find the limit when 6 = of 

sin ^ cos 2d ,^ 

2 , ^ tan'd . 

vers d cot dV ^"""^ ""^ sec 2e^ - T 

5. Shew that cot t- is greater than 1 + cot 6 for all values 

'of between and ir. 

. _. d tand + c-1 ^ , ^ d 

6. Iftan^ = 7 — 2 7> fi°a ^an^r. 

2 tand + c+1' 2 

7. Find the condition necessary that the same value of 
may satisfy both the equations 

a sec'd — 6 cos d = 2a, h cos'd - a sec d = 2b. 

8. Eliminate a and /3 from the equations 

a = sin a cos j3 sin d + cos a cos 0, 
6 = sin a cos j3 cos d - cos a sin d, 
c = sin a sin fi sin 0. 

9. Eliminate a and )3 from the equations 

h + c cos a = u cos (a — d), 6 + c cos )3 = w cos (fi — ff), a - j3 = 28 
and shew that u* — 2t«; cosd + c*:* 6* sec* 8. 

10. Eliminate 03' from the equations 

a tan'd — x' 2a tan 6 
^ . _. — ^ — . j»* 

tan 2a tan 2a' tan 2a + tan 2a' ' 

and shew that d = a + a', , or ^ + a + a'. 

11. Eliminate and </> from the equations 

sin d + sin ^ = a, cos + cos <f> = h, cos {0 — <l>) = c. 

12. Eliminate tf and </> from the equations 

a;cosd + ysind = a, aj cos (d + 2</>) - y sin (d + 2<^) = a, 
6 sin {$ + <!>) = a sin <^. 



142 EXAl^i>LES. CHAPTiiR Xll. 

13. Eliminate x and y fr6m the equations 

tan X + tan y = a, cot ar+ cot y = b, x 4^y «= c, 

14. Eliminate from the equations 

X ^ec^O-cos'O 2b ,. ,- 

~ = — To rz ) — = sec*^ + cos'^. 

a BBC O + cos^0 y 

15. Eliminate B from the equations 

(a + b) tan (^ - ^) = (a - b) tan (9 + <^), 
cos2</> + 6cos2^ = c. 

a;' 'v' V 

16. Given -,costf = ^cos^ + r^cos^, 

or a* b* ' 



and 



sin(6' + ^') sin(^-^) sin2^' 
sind 6* 



shew that ^ -; — -> _ -^. 

sin^ a*" 

17. Eliminate <^ from the equations 

y cos <^ - a? sin 1^ = a cos 2^, y sin <^ +« cos ^c= 2a sin 2^ ; 
and shew that (x +. y)* + (a; - y)' = 2a'. 

18. Eliminate ^ and ^ from the equations 

yj sin/3 , siny 

sina ^ sin a 

cos(tf--^)=&in)9siny; 
and shew that tan*a = tan')8 + tan' y. 

19. Eliminate from the equations 

m = cosec^ - sin tf, n^sec$-- cosft 
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30. Eliminate 6 £ix)m the equations 

21. Eliminate and ^ from the equations 

a sin*tf + a cos'tf = J, a' sin* tf' + a cos"^' = V, 
atantfca'tan^, 

and shew that -r + ---+—. 

a a 

22, Given a^ + i/* = a* + b', a^^ia^sina. 



cos*^ sin*tf 1 
■ + 



*> 



ic* 3^* a' 



shew that «fc cot 2^ = cot 2a + 7^ cosec 2a. 





00 Ti? cosaj cos2aj cos 3a; , ., ^ 

Jd. If ;= ±= shew that 

a, a a. 



^. «^?5riVi^^ 



24. K 



2 4a, 



sin X sin 3a; sin 5x 



a. a^ 



shewthat -* ^=-= *. 

as »! 

o^ ^. COS a; cos(a; + ^) cos (a; +2^) cos (a; + 3^) 

25. GiTen = ^^ ^= — ^^ ^= — ^ -9 

ftj a, as ^4 

shewthat £L±^==Vt^\ 

a. «» 
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oa Tf • «-t COS 2a COS 2a ., 

26. If sm'^ = 5-7 j^, then 

cos'(a + a) 



tan 
tan 






^ sin (^-^) cos a cob (a + 0) sin 13 

sm (9 - a) cos p cos (9 — p) sin a 

, tan tan a cos (a — )8) ^ 

tan</)tan)8 cos(a + )8)~ ' 

shew that tan = ^ (tan )8 + cot a), tan <t> = i (^^an a - cot j8). 

QQ Tf ^ - ®^^ /^ sin ^ _ tan (^ - a) 

r+^"cos(/3-6>)" cot/3 ' 

prove that 3:*= Tcot ~ 2 cot /3 J f^tan ^ + 2 cot ySV 

29. Given sin ^ sin </> = sin a sin /3, tan tf> cos j3 = cot jr , prove 
that one of the values of sin ^ is sin ^ sin j3. 

30. Given sin </> = t^ sin 0, tan ^ = 2 tan Oy find the limiting 
values of n that these ' equations may coexist. 

31. Shew by means of a Trigonometrical formula that 
if x + y + z = xyZy 

2x 2y 2z 2x 2y 2z 

32. Find the values of v, a;, y, z from the equations 

sinaj sinv sin« 

v=- --^-\z=- ! x + y + z==27r. 

Bin a Binb smc ^ 

33. Find the limit of (cos aajf <>»«^V' when x is zero. 
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34. From a table of natural tangents which goes to 7 places 
of decimals, shew that an angle may be determined within about 
^^th part of a second when the angle is nearly 60". 

35. When an angle is very nearly equal to 64* 36', shew that 
the angle can be determined from its L sine within about i th of a 
second; having given log. 10. tan 64® 36' = 4*8492, and the tables 
going to 7 places of decimals! 

36. Shew that 
(l-W5)(l-Wj)(l-W|,) a^inf.^^^. 

37. If -4, i5, C, be positive angles which satisfy the equation 

sin'^ + sin*jB + sin' C = 1, 
prove that A-^B^G is greater than 90". 

38. A circle is di-awn touching the tangent and secant of a 
given angle a, as well as the corresponding arc; find its radius and 
explain the double value. If one value be equal to the radius of 

the original circle, shew that a = ^ . 



XIII. RELATIONS BETWEEN THE SIDES OF A 
TRIANGLE AND THE TRIGONOMETRICAL FUNC- 
TIONS OF THE ANGLES. 

211. We shall now investigate certain relations which hold 
between the sides of a triangle and the Trigonometrical Functions 
of its angles; these relations will be applied in the following 
chapter to the solution of Triangles, We shall denote the angles 
of a triangle by the letters A, B, C, and the lengths of the sides 
respectively opposite to these angles by the letters a,hyC] thus a, 6, c 
are numbers expressing the lengths of the sides in terms of some unit 
of length such as a foot, or a yard, or a mile. The unit of length 
may be whatever we please, but must be the same for all the sides. 
T. T. 10 
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212. In a right-angled triangle each side 
is equal to the product of the hypothenuse into 
ilie cosine oftlie adjacent angle. 

Let ABC be a triangle having a right angle 
at (7; then 

AC , BC ^ 

therefore 6 = ccosj4, a = c cos B, 

Since cos A — sin B and cos B = sin A, we may also enunciate 
the proposition thus — in a right-angled triangle each side is equal 
to the product of the hypotJienuse into the sine of tlie opposite angle. 

213. In any right-angled triangle each side is equal to the pro- 
duct of the tangent of the opposite angle into the otJver side. 

From the figure of the preceding article we have 



tan A = — — 
AC 



tB,JxB = 



AC 



therefore 



BC 
a = h tan A, h = a tan B, 



Since tan ^ = cot ^ and tan B = cot A, we may also enunciate 
the proposition thus — '^ any right-angled triangle each side is 
equal to the product of the cotangent of the adjacent angle hito the 
otiier side. 

214. In any triangle the sides are proportional to tJie sines of 
the opposite angles. 
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Let ABC be any triangle, and from A draw AD perpendicular 
to the opposite side meeting that side, or that side produced, in D, 
If B and C are acvie angles we have from the left-hand figure, 

AD^ABsmB, and^2) = ilCsinC; 

therefore AB sin jB = -4 C sin 0, 

therefore x = - — ^ . 

sm-D 

If the angle C be obtuse we have from the right-hand figure, 

AD = AB sin B, and AD = AG sin (180° -C) = AC mi G; 

therefore -4 ^ sin j5 = -4 (7 sin C, 

c sin C 



therefore 



b BinB' 



If the angle C be a right angle, we have from the figure of 
Art. 212, 

AC =AB sin B, 

c 1 sin C 



therefore 



6 sinJ5 sinjB' 



Thus it is proved that in every case 7 = -^— -. 
^ ^ b smB 

a- ", 1 a sin -4 , a sin A 

Similarly _- = . -— and - = -: — -, . 

•^ 6 BinB c sm C 

The results may be written symmetrically thus, 

sin A sin B sin C 



215. To express the cosine of an angle of a triangle in terms 
of the sides. 

Let ABC be a triangle, and suppose C an a^cute angle. (See the 
left-hand figure of the preceding article.) Then by Euclid II. 13, 

AB'==BC' + AG'^2^.GD, 
and GD^ACcobC; 

therefore c* = a* + 6* - 2ab cos (7. 

10—2 
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Next suppose (7 an ohtrise angle. (See the right-hand figure of 
the preceding article.) Then by Euclid 11. 12, 

and C2>=^Coo8(180*-C) = -^Ccos(7, 

therefore c* = a' + 6' — 2a6 cos C, 



Thus in both cases we hav^ cos C = 



a* + V--<^ 



2ab ' 

Moreover when (7 is a right angle, a* + 6* = c' and cos C is zero ; 
thus the formula just found for cos C is true whatever the angle 
C may be. 

oimilarlv* cos A = r; , cos jd = . 

216. In every triangle each side is equal to the sum of tlie 
fToduct of each oj tlie oth&rs irdo the cosine of the angle which it 
makes with the first side. A 

From the left-hand figure in Art. 214, we have , \ 

BC = BD + DG = A£co^B^ACco&C, ,T*^"^ ^ 
tliat is, a = c cos ^ + 6 cos C, 

From, the right-hand figure in Art. 214, we have 

BC = BD^DG^ABco&B^ACcos{nO''-q 
' =ABooBB + AGGo^Gy 
that is, a = c cos -5 + 6 cos G, 

Similarly, in every case, we shall have 

6 = a cosC + c cos -4, 
and c = 5 cos il + a cos B, 

217. To express the sine, cosine, and tangent of half an angle 
of a triojigle in terms of the sides. 

We have by Art. 215, 

, h' + c'^a' 
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therefore l-cos^ = l 267~ " Wc ^ 

. ,A ia + h-c^ia + c-h) 

therefore sin' -rr = —^ . 

2 ^oc 

Let 2« = a + 6 + c so that 8 is half the sum of the sides of the 
triangle; then 

a + h-c = a + b + c-2e = 2{8-'C)y 

a + c-6 = a + 6 + o-26 = 2(«~6). 

Therefore sin' j J' ~ \^' ' '\ 

2 be 

. . A /(s-b)(s-c) 
and sm^=^ ^^ . 



Also 1 + cos ^ = 1 + 



26c 26c 



^, , 8^ (flH-6 + c)(6 + c-a) 8(8 -a) 

K therefore cos' -^ = ' ~ ■' = ~^- ^ , 

2 4toc be 

- A 1 8 {8 - a) 

and cos^=^-3— . 

-4 -4 

From the values of sin ^ and cos -5 we deduce 



tan 



^_ / {8--b){8-c) 
2" \ 8{8-a) ' 



The positive sign must be given to the radicals which occur in 

A 
this article, because -^ is less than a right angle, and therefore its 

sine, cosine, and tangent are all positive. 

Similar expressions hold for the sine, cosine, and tangent of 
half of each of the other angles. 
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A A 

218. Since sin ^ = 2 sin ^ cos ^ > we obtain 

miA = 2 /¥EMzA./t5^ 
V be V 6c 

2 ^ - 

Or we m^y find sin A directly from the known value of cos A ; 

thus sinM = 1 — ^^ jvo-i — ^ 

46V 

26V + 2cV + 2a V - a* - 6* - c* 



therefore sin A = 



46V 

726V + 2c VT2^'6' ^a*-b*-c* 

2bc ' 



the former expression may be shewn to agree with this by forming 
the product of the factors 8, b — a, a —by and s — c. 

219. We have proved the formulae in Arts. 214 — 216 inde- 
pendently from the figures; we may however observe that it is 
easy to deduce those in any two of the articles from those in the 
thii-d. Thus we may first establish as in Art. 216, that 

a = 6 cos G+ c cos B, b = c cos A + a cos C, c = a cos ^ + 6 cos A ; 

multiply the first of these equations by a, the second by b, and the 
third by c ; then add the first two resulting equations and subtract 
the third ; thus we obtain 

a' + 6*-c" = 2a6cosC. 

Similarly the other two formulee of Art. 215 may be deduced. 
Then from these results we may proceed as in Arts. 217, 218, 

and shew that = -t-^* (* - o) (« - 6) («-c), 

, . , . sin-S , sinC i . xi. 

and that — y — and are equal to the same expression. 
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rr,, sin A sin B sin C 

Thus = — r— = . . 

a c 

Or we may begin by establishing the formulas of Art. 214 
directly from the figure, and then proceed as follows, 

sin A == sin (180° -A) = sin {B-hC) = sin jBcos C+ cos BsmC ; 

., . . , ^sinB pSin(7 

therefore 1 = cos C/ —. — j + cos B - — - , 

sm A am A 

= - COS C + - cos -B : 
a a 

therefore a = 5 cos (7 + c cos B, 

Similarly the other two formulae of Art. 216 may be deduced; 
and then those of Art. 217 will follow in the manner shewn in the 
beginning of the present article. 

220. The reason why an ambiguity of sign occurs in the 

A A 

formulae for sin -^ and cos -jr of Art^ 217 may be explained as on 

former occasions. It will be observed that we have an expression 

for cos A^ and we proceed to deduce expressions for sin —and cos -^ ; 

and in Art. 96 it has been shewn that in this case we may expect 
two values differing only in sign for each of the required quantities. 

221. Since the formulae in Art. 217 have been strictly demon- 
strated, they must of course always furnish real values for sin — 

A A 

cos-^, and tan-jr-, if the triangle really exist. That they do so 

may be easily verified from a known property of a triangle. 
Take for example the formula 

. - -4 (a + 6 — c) (a + c - 5) • 
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that this may give a possible valne for sin -jr the expression on the 

right hand must be positive and less than unity. It is positive,, 
because from the fact that two sides of a triangle are greater than 
the third, "we have a + b — c positive and a + c—h positive. And 
the numerator is a* — (c— 5)', and this is less than the denominator 
provided a' be less than (c-6)*4-46c, that is provided a* be less 
than (b + c)', which is obviously the case. 



MISCELLANEOUS EXAMPLES. 

1. The sides of a triangle are «* + »+ 1, 2a; + 1, and aj* - 1 ; 
shew that the greatest angle is 120". 

2. If cos B = =-—. — — shew that the triangle is isosceles. 

2smC ^ 

3. In a right-angled triangle of which C is the right angle, 

^A h + c 

cot -5-= . 

2 a 

4. If a tan ^ + 6 tan ^ = (a + 6) tan —z: — shew that ? = ^^^ . 

^ ^ 2 b cosB 

5. The angles of a plane triangle form a geometrical pro- 
gression of which the common ratio is ^ ; shew that the greatest 

side is to the perimeter as 2 sin -j to unity. 

6. If A\ JB", C are the external angles of a triangle, shew that 

2bc vers A' + 2ca vers B^ + 2db vers (7' = (a + 5 + c)'. 

7. From the angle A of any triangle ABC a perpendicular 
AD ia drawn upon the base, and from J) perpendiculars BB^ DF 
are drawn upon AB, AC respectively ; shew that 

AE.EB. QO&'' C= AF. FC . cos'B. 



r' 
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8. If a, b, c, be the sides of a triangle and the opposite angles 
be 26, BOy 40, shew that tan'tf = (-^Y- 1. 

9. ABC is a triangle of which (7 is an obtuse angle ; shew 
that tan A tan B is less than unity. 

10. If the sides a, 6, c of a triangle be in arithmetical pro- 
gi'ession, shew that 

A-C ^ . B ^ ,C ,A Bb 

cos — ^r— = 2 sm -5- , and a cos^ + c cos — = -^ . 

11. If i> be the middle point of the side BO of a triangle 

cot BAB - cot 5 = 2 cot ^. 

12. If an angle of a triangle be divided into two parts such 
that the sines are in the ratio of the sides adjacent to them 
respectively, prove that the difference of their cotangents is equal 
to the difference of the cotangents of the angles opposite to their 



13. If the cotangents of the angles of a triangle be in arith- 
metical progression, the squares of the sides will also be in arith- 
metical progression. 

14. Given the vertical angle and the ratio between the base 
and altitude of a triangle, find the tangents of the angles into 
which the vertical angle is divided by the perpendicular drawn 
from it upon the base. 

15. If the base of a triangle be divided into three equal parts, 
and <j, ^^, i^ be the tangents of the angles which they subtend at 
the vertex 



(^0(^r.)-(-.7)- 



16. If the sines of the angles of a triangle be in arithmetical 
progression, the product of the tangents of half the greatest and 
half tlie least is ^. 
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17. If tlie aideBG of a triangle be bisected in D and AD be 

drawn, shew that tan ADJS = -^^ — ^ , * 

~c 

A B 

18. If A, B, C be the angles of a triangle and cot -tt , cot -^j 

C AC 

cot ^r- in arithmetical progression, prove that cot ^ cot „ = 3. 

19. Straight lines are drawn from the angles A and B of a, 
tiiangle dividing the angles respectively into parts whose sines are 
in the ratio of 1 to n; these lines intersect in 2>j shew that DC 
either bisects the angle G or divides it into parts whose sines are 
in the ratio of 1 to tj*. 

20. If I be the length of the line which bisects the angle A of 
a triangle and is terminated by the base, the angle which it 
makes with the base, shew that the perimeter of the triangle 

21 cos "^ sin 6 

sin 6' — sm - 
A 

21. If 6 and <^ be the greatest and least angles of a triangle 
the sides of which are in arithmetical progression, prove that 

4(1 - cos ^) (1 — cos ^) = cos ^ + cos ^ 

22. From the angular points of a triangle ABC lines are drawn 
making each the same angle a towards the same parts with the 
sides of the triangle taken in order. Shew that these lines will 
form another triangle similar to the former, and that the linear 
dimensions of the two triangles are in the ratio of 

cos a - sin a (cot A + cot B + cot C) to 1. 

Shew that in any triangle the relations given in the following 
examples, from 23 to 40, hold. 

23. a (6 cos (7- c cos B) = V- c'. 

24. a (oos B cos G + cos A) = h (cos A cos G + cos B) 

= c (cos A cos B + cos (7). 
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25. (& + c-a)tan- = (c + a-5)taii-=(a + 6-c)tan^. 

26: hcosB+ccosC = aco8{B-C). 
27. (a + h) cos C+(b + c) cos ^^+ (c + a) cos ^ = a + 6 + c. 
. 28. {a' - «>-) cot a + (6' - c') cot -4 + (c" - a") cot ^ = 0. 

G B A 

29. (a-6)cot — + (c-a)cot- +(6-c)cot-r = 0. 

^ ^ ^ 

3U. 1 — tan -27 tan -x^ = 



2 a + 6 + c* 

31. (a + 6 + c) (cos A+coaB-h cos C) 

-4 5' 

= 2a cos'-g- + 2b cos^g- + 2c cos*^ . 

32 ^^'^ -^ cos^ cos^ cos A cos (7 cos B cos (7 
a' ab "^ ^^ ■*" ^6c • 

33. a cos -4 + 6 cos -ff + c cos (7= 2a sin B sin (7. 

<iA «/^« A . » . -rr 1 2a sin -ff sin (7 

04. COSul +COS-D + COS (7= 1 + 

a + & + c 

35. a" - 2a6 cos (60° + (7) = c* - 26c cos (60° + ^). 

-4 A B P 

36. cot-j-cosec^ : cot ^ + cot -^ •.:^ + c--a : 2a. 

37. cos-^cos»|coB-|'=4S^5-cos^)(S-cosD(S-cosJ), 

^^6re 2S = cos 5- + C0S- + C0S-S. 

J J 2 

38. The perimeter of any triangle is 2c cos jr cos ^^ sec — ^ — . ' 

2 2 2 

39. If ysinM +a;sin*J5=«sin'jB + ysin'C = ajsin*(7 + «sin"^ 
then x:^ :z:: sin 2A : sin 2B : sin 2(7. 

. -4 B C 

40. 8 sin "2 sin "2 sin - is less than 1, except when A = B=G. 
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XIY. . SOLUTION OF TKIANGLES. 

222. In every triangle there are six elements, namely, the three 
sides and the three angles. The solution of triangles is the process 
by which when the values of a sufficient number of these elements 
are given we calculate the values of the remaining elements. It 
will appear as we proceed that when three of the elements are given, 
the remaining three can be found except when the three angles are 
given, and then we cannot determine the lengths of the sides but 
only the ratio they bear to each other. We shall have occasion to 
introduce logarithms into our formulae, and we shall as before by 
the word logarithm or the abbreviation log denote a .logarithm to 
the base 10; and by the letter X placed before any Trigonometrical 
Function,, we shall denote thetahiUar logaHthm of that function, 
which is formed by adding 10 to the logarithm to the base 10. 

We shall begin with a right-angled triangle and shall suppose 
C the right angle. 

223. To solve a right-angled triangle having given the hypo- 
thenuse a/nd a/n amUe angle. 

Suppose the hypothenuse and the angle A given; then 

J5 = 90"-^; 

- = sin -4, therefore a = c sin -4, 
c 

therefore log a= logc + logsin-4 = logc + Z sin-i - 10; 

- = sin-ff, therefore 5 = csin^, 

therefore log 6 = log c + log sin 5 = log c + X sin J5 - 10 ; 
Thus By a, and h are determined. 

224. To solve a right-angled triangle having given the hypothec 
nuse and a side. 
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Suppose c and a given; then 

sin^F=-, log sin -4 = log a- log c; 
c 

therefore Zsin-4= lO + loga-logc; 

this determines A ; then £=90° — A. 

And c' = a''+ 6", therefore h^ =^c* -a* = {c- a) (c + a). 



therefore h = J{c —a){c + a), 

log 6 = ^ log {c-a) + ^log (c + a). 
Or we may find h from the formula 6 = c cos -4. 

225. To solve a right-angled tricmgle having given a side amd 
cm acute a/ngle. 

Suppose a and A given ; then 

5 = 90"-^; 

- = sm-4, therefore c = -: — i, 
c Bm-4 

log c = log a — log sin -4 = log a — X sin -4+10; 

r = tan A, therefore h = j , 

tan^ 

log 6 = log a - log tan -4 = log a - X tan -4 + 10. 

Thus jB, c, b are determined. 

If a and JS are given, then -4 = 90° — 5; thus A is known, and 
we may find c and b as before. 

226. To solve a right-angled triangle having given the two 
sides. 

Here a and b are given; then 

tan A = Y^ , therefore log tan A = log a - log 5, 
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therefore 


L tan -4 = 10 + log a - log 5; 




.B = W-A', 




-=sinil, therefore c = - — 7, 
c sm ^ 



therefore log c = log a — Z sin ^ + 1 0. 

Or we may find c from the formula c = J{a^ + 6^), but this is not 
adapted to logarithmic computation. 

227. We may remark here that when an angle of a triangle 
is determined from its cosine, versed sine, tangent, cotangent or 
secant, no uncertainty can exist about the angle, because only one 
angle exists less than 180° for which any of these functions has an 
assigned value. Bub when an angle of a triangle is determined 
from its sine or cosecant uncertainty Tnay exist, since there are two 
angles less than 180° which have a given sine or a given cosecant. 
But no uncertainty will exist in the case of a right-angled triangle, 
because each of the other angles of the triangle must be acvie. 

"We now proceed to the solution of oblique-angled triangles. 

228. To solve a triangle having given two angles and a side. 
Suppose A and C the given angles, and h the given side; 

then -^ = 180°-^ -Cj 

a ^\xiA ,. ^ 6 sin J. 

-7 = —. — jr, therefore a = — i — ^ , 

therefore log a=log 6 +log sin ^-logsin ^=log 5+Z sin-4 -Z sin^ ; 
similarly log c = log 6 + X sin (7 — Z sin A 

Thus B, a, and c are determined. 

If A and B are the given angles then 
(7=180°-^-^, 
and we may proceed as before to find a and c. 
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229. To solve a triangle liaving given ttoo sides and tlie in- 
duded angle. 

Suppose h and c the given sides and A the included angle. 
We have 

therefore 



siu V c 
sin -^ — sin C h — c 



sin JS + ainC 6 + c ' 

therefore - — ffy, — 7^ = ^ , (Art. 88), 

tani(i/ + C) b + c' ^ ^^ 

and tan 1(2? + (7) = tan l (180' -> ^) = cot ^ , 

h^c A 
therefore tan A (i? - C) = cot — , 

A 
therefore log tan 1{B -C) = log(b~-c)- log (5 + c) + log cot — , 

j{ 
therefore L tan \{B--C) = log (& — c) — log (& -f c) + X cot — ; 

this formula determines ^{B-C)i and ^ (5 + (7) is known since 

A 
it is 90° — —; thus B and C can be immediately found. 
Ji 

Also - = -. — -Tz , from which a can be found. 
c sm C 

230. In finding a from the expression just quoted we should 
require three logarithms, namely, those of c, sin A, and sin 0; in 
the following method we shall only require two new logarithms. 

a b c 



sin A sin B sin C" 
a b + c 



We have 

therefore —. — -r ^ 77- — j — 77 > 

sin A Bin i^ + sin (J 

and sin5 + 8in(7=2sin4(54-0)cosi(5-C) (Art. 83) 

A 
= 2cos-cos4(j5-C), 
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therefore a = \ ^ = ,j^ ^. \ 

as the logarithm of 6 + c has been used in the former part of the 

solution, we shall only require two new logarithms, namely those of 

A 
sin — and cos ^{B — G), 

231. "We can also from the given quantities in the preceding 
article determine the third side without previously determining the 
oth^ two angles. For we have by Art. 215, 

a' = b' + c'— 2bc cos A ; 

and we can transform this formula into another, which is adapted 
to logarithmic computation as follows; ^ 

a^ = 6« + c»- 26c ^2 cos'^- 1^ , 
= (6 + c)^-46ccos®-jr-, 

Now find an angle such that 

. 46c ^A 

thus a» = (6 + cy (1 - sin* 0) = {h + c)' cos' 0, 

therefore a =; (6 4- c) cos 6, 

therefore log a = log {b + c) + log cos^ = log {b + c) + Z cos^.- 10 ; 

thus a is determined. 

It is usual to give the name of subsidiary angle to an angle 
introduced into an expression for the purpose of putting it in the 
form of a product of factors. Thus in the preceding investiga- 
tion is a subsidiary cmgle. We are certain that an angle exists 
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whicli has the square of its sine equal to the given expression; for 
that expression is positiye, and it is less than unity because ihc is 

never greater than (6 + c)* and cos' ^ is less than unity. The 

equation for determining $ gives by taking logarithms 

2 log sin = log 4 + log 6 + log c - 2 log (6 + c) + 2 log cos -jr , 

JO 

therefore 2X sin tf = 2 log 2 + log 5 + log c - 2 log (6 + c) + 2Z cos ^ . 

232. The process of Art 229 is sometimes fistcilitated by the 
use of a suhsidiart/ angle when the logarithms of 6 and c are 
known. 

We have tan i (B-C) = ~ cot 4 . 

Now let - = tan $: therefore 
c ' 

b-c tantf-1 



b-c tan^-1 ^ /. v\ 



thus . tanJ(5-C?) = tan(tf-j)cot^. 

Or thus, suppose c less than b; let c = 6 cos ^ ; 

•1 - ft — c 1 — cos <^ . o <^ 

therefore = = -, = tan' J : 

6 + c 1 + cos ^ 2' 

thus tani(^-(7) = tan*|cot5.. 

233. To solve a triangle having given two sides cmd the 
angle opposite to one of ihsm. 

Let a and b be the given sides^ and A the given angle ; 

^, sin5 6 . ^ . « 6 . . 

then - — 7 = - ; therefore sin j? = - sm J : 

sin^l a a 

now if is less than unity, two different angles may be 

T. T. 11 
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found less than 180° which have for sine, one of these 

a 

angles being less than a right angle, and the other greater. If a 
be greater than 6, then A must be greater than B, and therefore 
B must be an acvie angle; thus only the smaller value is ad- 
missible for B, If a be less than h, then either value may be 
taken for B. When B is determined, G is known since it is 
\%{f - A - B, and then c can be found from 

c _ sin (7 
a mxA * 

Thus if two values are admissible for B we obtain two correspond- 
ing values for G and c, so that two triangles can be found from 
the given parts. 

If = 1, then ^ is a right angle, so that only one tri- 
angle can be found from the given parts ; and if is greater 

Of 

than unity, no triangle exists with the given parts. 

Thus, when two sides are given and the angle opposite the 
less we can generally find two triangles from the given parts, and 
this case in the solution of triangles is therefore called the amhigu- 
ous case. We say that two triangles can be generally found in 
order to have regard to the exceptions; for the triangle may be 
rigJu angled, and then only one triangle can be found, or the 
triangle may be impossible. 

234. The amhiguous case may be illustrated by figures. 
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Let CAD be the given angle -4, and AC the given side b ; sup- 
pose a circle described from (7 as a centre with radius equal to 
<k The perpendicular from C on AD is equal to 6 sin ^ ; there* 
fore if a be greater than 6 sin -4, the circle will meet the line 
AD in two points, which we will denote by B and JB". If a be 
less than &, then JB and ^ are on the same side of J, as in the 
first figure ; thus two triangles, namely ABC and AB'C, can be 
obtained, each having the given parts a, b, A. If a be greater 
than by then B' and B are on opposite sides of A, as in the second 
figure ; thus only one triangle, namely CAB, can be obtained hav- 
ing the given parts a,h, A; the triangle CAB" has an angle CAB' 
which is 180"-^ instead of A. 

If a be equal to b sin ^, the circle tcmchea the line AD, and 
the two points B and B^ in the first figure coincide; thus one 
triangle is obtained which has a right angle at B. 

If a be less than b sin A the circle does not meet the line AD, 
and no triangle exists with the given parts a, b, A. 

235. In Art 233 we first found the angle B, and afterwards 
the side c j we may however adopt another mode of solution and 
b^in by finding c. For 

a' = 6' + c* - 2bc COB A; 
therefore c' - 2&c cos -4 + 6*- a* = 0; 

by solving this quadratic equation in c we obtain 

c = b cos A afc J(a' — V sinM), 
and we shall now discuss the values thus found for c. 

11—2 
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If a is leas than J sin -4, the values of c are impossible, and no 
triangle exists with the given parts. 

If a is equal to h sin -4, we obtain c = 5cos-4. If A be an 
acute angle, c is positive and one triangle exists with the given 
parts. If ii be an obtuse angle, c is negative^ and this indicates 
that the triangle is impossible ; and in h/ci a is less than 6, since 
it is equal to h sin A^ and so A cannot be an obtuse angle in 
a real triangle. 

If a is greaier than h sin A^ then two values occur for o, and 
these will both be positive if A be an acute angle and h cos A 
greater than ^(a* — 6* sin*-4) ; the latter leads to the condition 
6' cos* -4 greater than a' —6* sin' ^1, that is, h^ greater than a*. 
Hence we see as before that there are two triangles if u4 be an 
acute angle, and a be greater than 5 sin ii and less than 5. 

236. To solve a tricmgle having given the three sides. 
Let 8 denote half the sum of the sides ; then by Art. 217, 

and similar formulae are true for the other half angles. 

The formulflB for the tangents of half the angles will be the 
l)est to use with logarithms, because then we only require the 
logarithms of «, «-a, «-6, and «-c, in order to find aU the 
angles ; whereas if we use the formulsB for the sine or cosine we 
shall require in addition the logarithms of the sides. 

237. When all the sides of a triangle are given, the angles 
may also be found by dividing the triangle into two right-angled 
triangles. 

Thus, with the left-hand figure of Art. 214, we have 
^i>* = .4^'- J?/)*, and also = .40»-0i>'; 
therefore -45« - ^ C" = 5Z>* - CD\ 

therefore {AB-¥AC){AB- Aq=. {BD + CD) (BD - C^Q) ; 



1 
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firom this we can find BD — CZ), and then since BD + CD is known 
we can find BD and CD ; then 

J. BD ^ CD 

thus B and C are determined. 

With the right-hand figure of Art 214 we have as before 

(AB-hAC){AB^AC) = {BD-^CD){BD-CD); 

from this we can find BD + CD, and then since BD^CD is 
known we can find BD and CD; then 

oosi? = ^, co8(180'-C) = ^; 

thus B and C are determined. 

238. "We have seen in Chap. xii. that the Tables of trigo- 
nometrical functions cannot always be used with advantage ; this 
circumstance guides us in selecting the method of solution of a 
triangle to be adopted when more than one method is theoretically- 
applicable, and leads us to modify the method of solution in some 
cases. For example, suppose we have to find A from the equation 
8in^ = n, where n is nearly equal to unity; this is an inconve- 
nient equation for determining A, because the difference of conse- 
cutive sines is nearly insensible when the angles are neaiiy right 
angles. We have however 

and this formula is free from the objection. 

Similarly, if we have to find A from the equation 

COR A =w, 

where n is nearly equal to unity, we may advantageously transform ' 
the equation thus, 
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A 



sm 



fy('^)-yc-i^)^ 



or thus. 



1 — cos -4 1 



1 + cos A 1 + w ^ 
therefore tan - 



''2" \/\l+n)' 



EXAMPLES. 

1. Find the values of the angle A having given sin-ff = -25, 
a = 5,h = 2'5. 

2. One side of a triangle is half another and the included 
angle is 60°; find the other angles. 

3. The sides of a triangle are in the ratio of 2 : ^6 : 1 + ^3 ; 
determine the angles. 

4. If ^ = 30^ h=lOO,a = 40, is there any ambiguity ? 

5. Having given -4 = 18°, a =4, 6 = 4+^(80), solve the 
triangle. 

6. Having given A = 15°, a =^ 4, 6 = 4+ J{4:S), solve the 
triangle. 

7. If a, 6, ^ be given, and a be less than b, and if c, c be the 
two values found for the third side of the triangle, then 

c" - 2cc' cos 2 A + c" = 4a' cos' A. 

8. Find the sum of the areas of the two triangles which 
satisfy the conditions of the problem in the ambiguous case. 

9. If B^^ Cj, and B^^ C^ are the angles of the two triangles 
in the amhiguotLS case, then 

sinO. BinC. ^ . 
-T— p' + — ^ = 2cosJ. 
s]n^ &mB 
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10. In the amhiguoiLs case the area of one of the triangles is 
n times that of the other; shew that if & be the greater of the 

given sides and a the less, — is greater than 1 and less than . 

11. If log a + 10 = log 5 + Z sin ui, can the triangle be ambi- 
guous ? 

12. If ^ be an angle determined from the equation 

cos ^ = , 

c 

prove that in any triangle 

A-B _ (a + 6) sin^ A + B csinO 

13. Iftan^ = ?^^8in5, then c = (a - 5) sec <^. 

14. In a triangle \4^a in which a= 18, 6 = 20, c = 22, find 
L tan — , having given 

log 2 = -3010300, log 3= -4771213. 

15. The sides of a triangle are 32, 40, 66'^ find the greatest 
angle, having given 

log 207 = 2-3159703, log 1073 = 30305997, 
Xcot 66^ 18' = 9-6424342, diff. for V = -0003433. 

16. The sides of a triangle are 4, 5, 6; find -5, having given 
log 2 =-3010300, 

L cos 27' 53' = 9-9464040, diff. for 1' = -0000669. 

17. Apply the formula oos^= V{ "^^^ } ^ ^^^ *^® 

greatest angle in a triangle whose sides are 5, 6, 7 feet respect- 
ively, having given 

log 6 = -7781513, 

X cos 39* 14' = 9-8890644, diff for 60"= -0001032. 
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18. Two sides of a triangle are 18 and 2 feet respectivelj, 
and the included angle is 55®; find the remaining angles, having 
giren 

log 2 = -3010300, L cot 27* 30' = 10-2835233, 
Ztau56*56'=10-18637&9, diff! fori' =-0002763. 

19. Two sides of a triangle are in the ratio of 9 to 7, and the 
included angle is 64*^ 12'; find the other angles, having given 

log 2 = -3010300, L tan 57* 54' = 10-2025255, 

Z tan iri6' = 9-2993216, Z tan ir 17'= 9-2999804. 

20. If a = 70, 5 = 35, (7= 36* 52' 12", find the remaining 
angles, having given 

log 3 = -4771213, Z cot 18* 26' 6^"= 10-4771213. 

21. The ratio of two sides of a triangle is 9 to 7, and the 
included angle is 47* 25'; find the other angles, having given 

log 2 = -3010300, Z tan 66* 17' 30" = 103573942, 

Z tan 15® 53'= 9-4541479, diff. for 1'= -0004797. 

22. In a triangle ABG where a = 30, 6 = 20, and the con- 
tained angle = 22*; find the other angles, having given 

Zcotll*= 10-7113477, Z tan45*48'= 10-0121294, 
Z tan 45* 49'= 10-0125821, log 2 = •301030a 

23. Given 6 = 14, c = 11, i = 60*, shew that B = 71* 44' 29", 
having given Z tan 11* 44' 29" = 9-31774, 

log 2 = -30103, log 3 = -47712. 

24. The sides of a triangle are 7, 8^ 9 ; determ^e all the 
angles, having given 

log 2 = -3010300, 

Z tan 24* 5' 40" = 96605069, Z tan 24* 5' 50" = 96505634, 

Z tan 29* 12' 20" = 9-7474183, Ztan29* 12' 30" = 9 7474677. 
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25. In a right-angled triangle the hypothenuse c = 6953 and 
5 = 3; find B, having given 

log 3-475 = -5409548, log 6-953 = -8421722, 

Z Bin 44^ 59' 15" = 9 -8493902, diff. for r=-0000021. 

26. Two sides are 80 and 100 feet, and the included angle 
60*; find the other angles, having given 

log3 = -47712, Ztan 10° 53' 36" = 9-28432. 

27. Two sides of a triangle are 3 and 5 feet, and the included 
angle is 120*^; find the other angles, having given 

log 4-8 = -6812412, 

Z tan 8M2' = 9-1 586706, diff. for 60" = -0008940. 

28. ^ A side of a base of a square pyramid is 200 feet and each 
edge id 150 feet; find the slope of each face, having given 

log 2 = -30103, Ztan 26' 33' = 9-69868, 

Ztaji 26*34' =9-69900. 

29. Given 1=1-2, (7=60*, log 3 =-4771213, Zcot9*49' 
= 10-7618797, diff. for 1' = -0007514, find the other angles. 

30. If a=2, c = 3, Z sin ii=: 9-5228787, findC; log 3 being 
-4771213. 

31. Shew how to solve a triangle having given the base, the 
heaght, and the difference of the angles at the base. 

32. Shew how to solve a triangle having given the three per- 
pendiculars from the angles on the opposite sides* 
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XY. ON THE MEASUREMENT OF HEIGHTS 
AND DISTANCES. 

239. We shall now give a few examples which will shew a 
practical application of some of the preceding formulae j we shall 
assume that by means of suitable instruments an observer can 
measure the angle subtended at his eye by the line joining two 
visible objects. For a description of the requisite instruments, 
and the method of using them, we must refer the student to 
treatises on the instruments used in surveying. 

240. To find the height and distance of an inaccessible object 
on a horizontal plane. 




Let P be the top of an object, and let it be I'equired to find its 
height PC, and the distance of the object from a point A in the 
horizontal plane through G. At A observe the angle PAG', then 
measure any length AB directly towards the object, and at B 
observe the angle PBG. Then in the triangle APB the side AB 
is known, and the angle PAB; also the angle PBA is known, 
since it is the supplement of PBG; therefore AP can be found. 
Then PG=AP sin PAG, and AG = AP cos PAG] thus the height 
PG and the distance AG are determined. 

If however it is not convenient to measure the length AB 
directly towards the object, we may proceed thus; measure the 
length AB Wi any direction from ^; at ^ observe the angles PAG 
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and PAB^ and at B obsei've the angle PBA, Then in the triangle 
APB the side AB and the angles PAB and PBA are known; 
therefore AP can be found. Then, as before, PG-AP sin PAC^ 
ijid AG=AP COS PAG. 

241. To find the distance between two visible but inaccessible 
objects. 

Let P and Q be the objects, A and B two accessible points 
from which both the objects are visible. At A observe the angles 
PAQ and QAB, and if A, B, Q, P are not all in the same plane 
observe also the angle PAB, At B observe the angles PBA and 
QBA. Measure AB, Then in the triangle ABP the side AB and 
the angles PAB and PBA are known; thus PA can be found. 
Again, in the triangle ABQ the side AB and the angles QAB and 




QBA are known; thus AQ can be found. Lastly, in the triangle 
PAQ ifcho sides AP, AQ, and the angle PAQ are known; thus 
^Q can be found. 
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242. The lengths of the lines which join three points A, B, C» 
a/re kfwum; at any point 'P in the same plane as A, B, C, tlie 
angles A PC and BPC a/re observed: it is required to find th^ dis^ 
tance of Y from each of the points A, B, 0. 

Let the angle AFC be denoted by a the angle BFG by j8; the 
angle FAG by a?, and the angle FBG by y\ then a and ^ are 




known, and when x and y are found the required distances FA^ 
FBy FG can be found; for in each of the triangles FAG and FBO 
two angles and a side will then be known. We will shew how x 
and y may be found. 

Since the four angles of the quadrilateral FAGB are together 
equal to four right angles, we have 

a? + y=2ir-a-j8-(7; 

thus the svm, of x and y is known. 

From the triangle AGF we have 

-pp__ -4(7 sin FAG _ 5 ain a? ^ 
~" ^vclAFG "* sina * 

from the triangle BCF we have 

p -, BG sin FBG _ a sin y 
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therefore 

therefore 

Now fussume tanAs^.'^, then the value of ^ can be 
^ osinp ^ 

found from the Trigonometrical Tables; thus 

sin a? . . 
= tan0; 



5sina; 


asiny 


sma 


sin)8 ' 


sinx 


a sin a 


siny 


68in/3' 


a sin a 


aT J 



siny 

r _taT 
sin a; + sin y tan ^ + 1 



therefore ^!^^^^!° ^ =^ *"! = tan (»-^ ; 



therefore (Art 88) ^?f^i(^ = tan f * - ^) ; 

^ ^ tan^(aj + y) V V 

from the last equation we can determine x-y, since a;-fy is 
known ; thus a; and y can be found. 

243. It is sometimes important to know what amount of 
error will be introduced into one of the calculated parts of a 
triangle by reason of any error which may exist in the given parts ; 
Buch questions are best treated by the assistance of the Differential 
Calculus, but we will give here two simple examples which will 
shew how they may sometimes be treated without going beyond 
the limits of the present subject. 

244. Suppose that the Height of a building is determined by 
measuring a horizontal line from its base, and by observing at the 
extremity of this line the angular elevation of the top of the build- 
ing above the horizon ; if a small error be made in observing the 
angle, required the error in the estimated height of the building. 

Let a be the length of the measured lino, $ the observed 
angle, x the estimated height of the building; 
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then . x = a tan $, 

Let + hhe the true angle, and a? + ^ the true height, 
then x + i = ata,n($ + h); 

by subtraction, ^ = a {tan (0 + h) - tan 0\ = — rj^ — =^r ;r . 

^ "^ ^ ^ » cos (^ + A) cos ^ 

If A be small we may put h for sin h in the numerator, and 

cos B for cos {$ + A) in the denominator; thus approximately 

-_ ah 

this gives the error in the height consequent upon an error in the 
angle. 

The ratio of the error to the estimated height 

aA . ^ ^ A . 2A 

r-ratan^ = - 



cos* 0' sin ^ cos sin 20 ' 

thus this ratio is least for a given value of h when sin W is great- 
est, that is, when 20 = ^. 

245. A triangle is solved from the given parts A^ b, c; if 
there be a small error in A, find the consequent small error in £. 

We have for connecting £ with the given quantities the 
formula 

sin^=-sinC = -sin(^+^) (1). 

c c * 

Now suppose that h denotes the drcula/r measwre of the error 
made in estimating J, and h the circular Tmasure of the conse- 
quent error in B^ then instead of (1), the correct formula is 

^in{B + h)=\m{A + B + h^'h) (2). 



By subtraction, 
sin(5 + A;)-s 
from this equation we have approximately (Art. 181) 



sin(5 + A;) -sin jB = - {sin (^ + j5 + A + ^)-sin (-4 +-5)}; 

■C 



I 
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thus k (cos B+-coaC) = cos (7 : 

^ c ^ c 

, , J. , , -, sin ^ ^ A sin -5 cos (7 

therefore k (ooaB + ——79 cos C7) = ; — 7= — - : 

V siii^ sine/ 

., -, , A sin ^ cos (7 

therefore « = ^ — -, , 

sin-d 

thus the ratio of A; to /» is found 



EXAMPLES. 

1 . From a station B at the base of a mountain its summit A 
is seen at an elevation of 60° ; after walking one mile towards the 
summit up a plane making an angle of 30° with the horizon to 
another station C, the angle BOA is observed to be 135°. Find 
the height of the mountain in yards. 

2. The altitude of a tower is observed to be 30° at the end of 
a horizontal base of 100 yards measured from its foot. Find the 
height of the tower. 

3. The angular elevation of a tower at a place A due south of 
it is 30®; and at a place B, due west of -4, and at the distance a 
from it, the elevation is 18°; shew that the height of the tower is 



^/(2 + 2V5)• 

4. A person on a level plain, on which stands a tower sur- 
mounted by a spire, observes that when he is a feet distant from 
the foot of the tower its top is in a line with that of a mountain. 
From a point & feet farther from the tower he finds that the spire 
subtends at his eye the same angle as before, and has its top in a 
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line with that of the mountain. Shew that if the height of the 
tower above the horizontal plane through the observer's eye be c 
feet, the height of the mountain above that plane will be 

aho « . 

-. j feet. 

c^ — a 

5. A person wishing to ascertain his distance from an inac- 
cessible object finds three points in the horizontal plane at which 
the angular elevation of the summit of the object is the same. 
Shew how the distance may be found. 

6. A person wishing to ascertain the distances between three 
inaccessible objects Ay B, C, places himself in a line with A and 
B; he then measures the distances along which he must walk in a 
direction at right angles to AB until A, C and j5, C respectively 
are in a line with him, and also observes in those positions their 
angular bearings; shew how he can find the distances between 

A, B, a 

7. Two posts AB and CD are placed at the edge of a river at 

a distance AC = ABy the height of CjD being such that ^^and CD 

subtend equal angles at j^, a point on the other bank exactly oppo** 

site to A ; sliew that the square of the breadth of the river is equal 

AB^ 
to ^^, — jj^j , and that AD and BG subtend equal angles at E, 

8. A flag-staff a feet high stands on the top of a tower h feet 
high. At what point on a horizontal plane passing through the 
base of the tower must an observer place himself so that the tower 
and the flag-staff may subtend equal angles, the height of the eye 
being A1 

9. A tower situated on a horizontal plane leans towards the 
north ; at two points due south and distant a, b, respectively from 
the base, the angular altitudes of the tower are a and fi. Shew 
that if tf be the inclination of the tower, and h the perpendicular 
height^ 

tang:^^ ^"^ h- ^"^ 

6cota~acot)3' cot /3- cot a* 
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10. An object a feet high placed on the top of a tower sub- 
tends an angle y at a place whose horizontal distance from the foot 
of the tower is b feet; determine the height of the tower. 

11. On the bank of a river there is a column 200 feet high 
supporting a statue 30 feet high; the statue to an observer on the 
opposite bank subtends an equal angle with a man 6 feet high 
standing at the base of the column; required the breadth of the 
river. 

12. The height of a house subtends a right -angle at an oppo- 
site window, the top being 60° above a horizontal line; find the 
height^ taking the breadth of the street SO feet. 

13. Two chinmejs are of equal height. A person standing 
between them in the line joining their bases observes the elevation 
of the nearer oue to him to be SO*. After walking 80 feet in a 
direction at right angles to the line joining their bases he observes 
the elevations of the two to be respectively 45* and 30°. Find 
their height and the distance between them. 

14. An object is observed at three points -4, £, G lying in a 
horizontal line which passes directly underneath the object; the 
angidar elevation at j9 is twice that at A^ and at C is three times 
that at -4 ; ABssa, BC= 6; shew that the height of the object is 

i^^{(« + 6)(35-«)}. 

If the tangent of the angle of elevation at il be ^, shew that 
5a =136. 

15. A vertical tower whose base is in the same horizontal 
plane with the observer, is observed from a station A to bear 
directly North and to subtend an angle of 15°; the observer then 
walks 100 yards so that the tower always subtends the same angle, 
and then it bears Korth-east; find its height and distance from A, 

16. A person walking along a straight road observes that the 
greatest angle which two objects subtend is o; from the spot 
where this is the case he walks a distance c, and the objects now 

T. T. 12 
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appear as one, their direction making an angle j8 with the road. 
Prove that the distance between the objects is 

2c sin a sin ft 

cos a + cos p ' 

17. A fortress was observed by a ship at sea to bear E.N.E., 
and after sailing 4 miles to the East it was observed to bear 
KKE.; shew that the distance of the ship from the fortress at 
the first and second observation was ^/(16 + 8^2) and J{IQ — 8 J2) 
miles respectively. 

18. A ship sailing towards the Korth observes two light- 
houses in a line due West; and after an hour's sailing the beariDgs 
of the lighthouses are observed to be South-west and South- 
south-west. The distance between the lighthouses being 8 miles^ 
find the rate at which the ship js sailing. 

19. From the top of the mast of a ship 64 feet above the level 
of the sea the light of a distant lighthouse is just seen in the 
horizon; and after the ship has sailed directly towards .the light for 
30 minutes it is seen from the deck of the ship, which is 1 6 feet 
above the sea. Find the rate at which the ship is sailing, con- 
sidering the earth as a sphere of 4000 miles radius. 

20. A man ascends a mountain by a path which is the shortest 
distance between the base and the vertex. The inclination of the 
path to the horizon at first is a, but afterwards suddenly increases 
to P, and then continues the same. On reaching the vertex he 
finds by the barometer he has ascended n feet in altitude, and 
observes the angle of depression y of the point from which he 
started. Shew that the distance he travelled in the ascent is 



r^cos 



C^-y) 



fi-a . 
cos — ^smy 



21. If from two points in a horizontal plane an object be 
seen at angles of elevation a, a , and if from a thii*d point between 



EXAMPLES. CHAPTER XV. 179 

the two points and in the straight line joining theia and at dis- 
tances a> a from them respectivelj the object be seen at an angle 
of elevation )8, shew that the height of the object above the hori- 
zontal plane is 

sin a sin a sin j8 \(m {a + a')}^ 
{a sin'a (sin*)3 - sin* a') + a' sin" a (sin*)9 - sin' a)}* ' 

22. A person walking along a straight road observes the 
angles of elevation a, a of the summits of two hills in front of him, 
one behind and partially hid by the other. After walking c miles 
the farther hill becomes entirely hidden, and on observing the 
elevation of the lower hill at the next mile-stone he finds it to be 
j5. Find the heights of the two hills. 

23. A tower is surrounded by a circular moat. At noon on 
a certain day the shadow of the top of the tower is observed to 
project 45 feet beyond the edge of the moat. When the sun is 
due West on the same day the shadow projects 120 feet beyond the 
moat. The distance between the extremities of the shadow is 
375 feet. The angle of elevation of the top of the tower from any 
point of the edge of the moat is 60^ Find the height of the tower 
and the altitude of the sun at noon. 

24. A tower stands upon an inclined plane, meeting it at a 
point -4; at a point C in the plane the tower is observed to subtend 
an angle a; on proceeding to a point D in the line AG such that 
CD = AC, the tower is observed to subtend an angle /?; if <^ be the 
angle between the tower and -4(7, shew that cot <^ = 2 cot a — cotp. 

Also if similar observations be made in another line ACJ/, it is 
found that tan a= 2 tanyS'; the angle CAG'=y; prove that if be 
the inclination of the plane to the horizon, sin ^ sin y = cos ^. 

25. In a triangle ABG having given A = SO^,h=.S ^3, a = 3, 
solve the triangle; and supposing that an error of 2" is made in 
observing the angle -4, find approximately the corresponding error 
in the angle B, 

12—2 
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26. The distance between two objects on the opposite bank of 
a river is known to be <;. An equal distance is taken anywhere 
along the bank on this side said the angles subtended by c at the 
extremities of this distance are a and p. Find the breadth of the 
river, the sides being parallel. 

27. A person wishing to obtain the breadth of a square fort on 
a distant hill, observes that when he is due South of one comer, 
the face towards him subtends an angle a. He then walks due 
West, a^d at a distance of a feet from his first position, finds that 
the face subtends the same angle as before. On walking h feet 
further, he is due South of the other corner of the fe.ce. Shew 
that the breadth of the fort is 

(a + b) sec d> feet, where tan d> = — . 

28. A and A' are the peaks of two mountains, and BG is a 
straight horizontal road ; shew that if the nearer of the two peaks 
just conceals the more distant at some point of the road, then 
sin a sin )8'= sin a! sin fi, where a is the altitude of A as seen from 
any point £ of the road, p is the angle ABC, and a , ^ are similar 
quantities for the peak A^ as seen from any point B" of the road. 

39. A and B are two objects in the same horizontal plane, 
F a point in the same plane at which the angle a subtended by 
AB is observed; from JP two persons walk in this plane in directions 
at eight angles to PA, PB respectively, to points Q^ B, at each of 
which the angle subtended by AB is a; the distances PQ, PB are 
a, b; find the length of AB, 

30. A, Cy B are three objects in the same plane as an ob- 
server; AC= CB, and AC, CB are at right angles to each other. 
At the point 0, AC, CB subtend angles a, p respectively. The 
observer moves from in the direction OCX at right angles to CO 
through a space 00^= d; here he finds that ACy CB subtend angles 
a, P respectively. Find the distance AB. 

31. A person standing at the edge of a river observes that 
the top of a tower on the edge of the opposite side subtends an 
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angle of 55" with a horizontal line drawn from his eye ; receding 
backwards 30 feet he then finds it to subtend an angle of 48°. 
Determine the breadth of the river, having given 

Z sin 7" = 9-08589, L sin 35* = 9-75859, 

Zsin 48°= 9-87107, log 3 = -47712, 

log 1-0493 = -02089, 

32. A tower 150 feet high throws a shadow 75 feet long 
upon the horizontal plane upon which it stands. Find the Sun's 
altitude, having given 

log 2 = '3010300, L tan 63° 26' = 10-3009994, 
Ztan 63° 27' =10-3013153. 

33. A rope-dancer wishes to ascend a tower 100 feet high, by 
means of a rope 196 feet long. If he can do so, find at what incli- 
nation he must be able to walk up the rope, having given 

log 2 = -30103, L sin 30° 40' = 9707 61, 
log 7 = -84510, L sin 30° 41' = 9-70782. 

34. Two hills rise at the same point, with inclinations of 60° 
and 40° to the horizon. At a distance of 64 feet from the base of 
the lower hill the angles of elevation of the bottom and top of a 
vertical object on the other hill are 40° and 70°. Find the height 
of the object, having given 

L tan 20° =9-5610659, L cos 40° = 98842540, 

log 2= -3010300; 7-4303981= log 29640031. 

35. A vessel observed another a° from the North sailing in a 
direction parallel to its own. After an hour's sailing its bearing 
was j8®, and after another hour y° from the North. In what di- 
rection were the vessels sailing? 

36. In the problem discussed in Art 242, shew that if 

a + j8 + (7 = TT, then <^ = j > 
and the solution cannot be obtained from .the data. 
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246. The present chapter* will contain some misceUaneous 
propositions relating chiefLj to the properties of triangles. 

247. To find expressions for the aurea of a tria/ngle, 

A triangle is half a rectangle on the same base and altitude ; 
thus if ABC be any triangle, and AJD the perpendicular from A on 
the opposite side, we have (see the figures in Art. 214) 

area of triangle = ^ BG . AD, 

and AD = ABsinB, 

therefore area of triangle = ^ ac sin J? (1); 

thus the area of a triangle is half the product of two sides into 
the sine of the included angle. 

o 

By Art. 218, sin5= — J{s (5-a)(ir- h) (s-c)}; 

CLO 

substitute the value of sin B in (1) and we obtain 

area of triangle = J{8 (« - a) (« — 6) (« - c)} (2) ; 

this furnishes a convenient expression for the area when all the 
sides are known; the expression J{s{8^a){8^b)(8 — c)} is often 
for abbreviation denoted by S. 

By Art. 214, a = — : — 5-, c = -t— ^, 
•^ sin -5 sinB 

substitute these values in (1); thus we obtain 

^ . . , ft" sin -4 sin G ,«. 

area of triangle = — ^— ^ — ^ — (3); 

thus we can find the area when a side and two angles are given, 
for if two angles are given the third angle is also known. 
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248. To find the raditis of the circle inscribed in a tricmgle. 




Let ABC be a triangle, the centre of the circle inscribed in 
the triangle and touching the sides in the points JD, Ey F, Let 
r denote the radius of the circle; then 



or 



area of triangle BOC = ^BC. OD^-^ 

hr 

area of triangle GOA = iCA.OB=^, 

M 

area of triangle AOB^\AB.OF=%'y 
therefore, by addition, 

(a + 6 + c) I = area of triangle ABG = Sy (Art. 247), 
therefore 



S 



The radius of the inscribed circle is thus equal to the area of 
the triangle divided by half the sum of the sides; and thus dif- 
ferent, forms can be obtained for the radius by employing the 
different expressions already given for the area of the triangle. 
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249. We may also obtain the value of r in another forra, 
which will be often useful. 

By Euclid IV. 4, the Hnes OA, OB, 00 bisect the angles 
A, B^ <7 respectively. Thus 

:5i> = r cot|K Ci> = rcot^, 



therefore 
therefore 

therefore 



. B-^-O . B , C 

^sin— — =asin~smrj- , 

. B . O 
asm-sm^ 

r = . J-. 

cos- 



250. To find the radius of a circle which touches one aide of a 
tricmgle and the other sides produced. 




Let ABO be a triangle, and let be the centre of the circle 
which touches the side BO, and the other sides produced. Let 
r^ denote the radius of the circle. 
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The quadrilateral OBAC may be divided into the two trianglea 

c h 
OAB, OAG'y therefore the area of this quadrilateral is ^ rj + ^ ^j. 

Again, the same quadrilateral may be divided into the triangles 
OBO and ABC; therefore the area of this quadrilateral is 

^r^+S. Thus 

therefore r.(c4.6-a) ^^^ 

therefore r. = . 

Similarly, if r^ be the radius of the circle which touches CA 
and the other sides produced, and r, the radius of the circle which 
touches AB and the other sides produced, 

^ S __ S 

A circle which touches one side of a triangle and the other 
sides produced is called an escribed circle. 

251. We may also obtain an expression for the radius of an 
escribed circle similar to that in Art. 249 for the radius of the 
inscribed circle. 

For, in the figure of Art. 250, the line OB bisects the angle 
which is the supplement of B^ and the line 00 bisects the angle 
which is the supplement of G; thus 

j5i> = r,cot(90*~D, (7Z> = r.cot(90^-^; 

therefore r^ Ttan ^ + tan « ) = ^ > 

B G B C 

a cos ^ cos -^ a cos -^ cos -^ 

therefore r. = _.^-^ = 3 

Sm — cos -jr 
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252. To find the radius of the circle described rownd a tri- 
angle. 




Let ABG be a triangle, and the centre of the circle described 
round it. Draw OD perpendicular to BGy then BG is bisected in 
D by Euclid iv. 5. Let ^ denote the radius of the circle. 

The angle BOG is double the angle BAG'^ therefore 
BOD=^A', 

a 



and 



J5i> = ^sin^ = 



2' 



therefore 



i? = 



2sin^' 



thus R is expressed in terms of a side and the opposite angle. 

OCT 

By Art. 218, sin ul 8=-^, therefore 



R = 



aibc 



253. Many theorems have been demonstrated with respect to 
the circles which have been noticed in Arts. 248 — 252; as an 
example we will find an expression for the distance between the 
centres of the inscribed and circumscribed circles. 
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Let O denote the centre of the circumscribed circle, and (/ 
the centre of the inscribed circle; and suppose and (/ joined 
with the angular point C of the triangle. Then 

oa^=OG'-^(yc'-20o,aGQmOGai 

now the angle (yGB=^\G, and the angle OCJ5 = 90"-^; thus 



/A+B + G , G\ 



A+B + G , G\ B-A 
cos s — j 



also 0C7=i?, 0'C=-I^; 

sin^ 

therefore OCK» = ^» + -iL - i£^ cos ^^^ , 
Bin-^ sin^ 



. B . G 

sin -^ a ~ 

Bj Art. 249, r = ^ 



a sin -r- sin -j; 
w0 



by Art. 252, J?=^_^; 

^ 28U1^ 

therefore -^=481115-8111281115^. 

Therefore 

OCr = B?- ^ jcos:^^-2smi^ sin J^l 



= ir — --^Icos-^cos^-sin^i 
Therefore Oa = ^(B* - 2J?r). 
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254. To find the a/rea of a quadrilaieral which can he in- 
9cribed in a circle.^ 

Let ABGD be the quadrilateral ; let 

AB^a, JSG=h, GD = c, 2)A=d. 




The figure can be divided into the triangles ABG, ADG; its area 
therefore 

= I (ah sin B + cd8mI>)= J(a6 + cd) sin B, 
for the angles B and D are supplemental. 

Now from the triangle ABC, 

^C* = a* + 6' -2a6 cos .5, 
and from the triangle GBA, 

AG* = c* + (P - 2cd cm 2) = c*+d' + 2cd COS B; 
therefore c' + d*-\- 2cd cos B = a*-^V— 2ah oos B, 

therefore cos B = ^ , , ^rr- ; 

2 (ah + cd) 

therefore sm' j5 = 1 - -^^ — y-t^ Ka-^ 

4 {ah + cdy 
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{2{ab + cd) + c*-\'d'--a'-'h'}{2(ah + cd)^c^-€p + a*^b'] 

^(ab + cdy 

_ (c+b + d-a)(a + c + d-'b){a+b + d-'c){a + b + c -d) 
"" ^{ab + cdy ~ • 

I^ow let ^ (a + b + c + d) ^ 8 ; thus 

^'"^ ^" ^{ah-^cdy • 

Hence the area of the quadrilateral 

If we substitute the value of cos^ in the expression .for AC, 

we obtain AC = c" + c?' + ^w— t ^^ 

2 (a6 + cd) 

ao + ca 

_ (oc + 5c?) (flkf + 6c) 
~ ab-^cd 

Similarly it may be shewn that 

2{ad+bc) 

D 7)8 («c + 6c?) (ab + cc?) 
~ ad + bc 

The radius of the circle described round the quadrilateral 
may be easily expressed; for this circle passes round the triangle 
ABC, hence by Art. 252 its radius 

^ AO _ 1 /(( ab + cd) (ac ^bd)(ad'{- bc ))^ 
"2sin^'"4 V t>-a)(«~6)(«-c)(«-(^r 
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255. To find the radii of tike inscribed and circwmscrihed 
circles oj a regida/r polygon. 




Let AB be tlie side of a regular polygon of n sides ; let O be 
the centre of tlie circles, OD the radius of the inscribed circle, OA 
the radios of circumscribed circle. 

Let^5 = a, OA=^R, OD = r. 

The angle AOB is the n^^ part of 4 right angles, that is, 

AOB=—, AOD^'^. 
n n 

AD = ^=lcsm-=r tan - : 
2 n n' 



therefore 




256, The area of a regular polygon may be expressed by- 
means of the radius of the inscribed circle, or the radius of the 
circumscribed circle. For with the figure of Art. 255, the area 
of the triangle ^Oj5 

= i^^.Oi) = ??cot- = ^'cot^; 
2 2 71 4 n' 
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therefore the area of the polygon 

= -7- cot - 
4 n 

= nE' sin'- cot — = -^B'Rm — . 
n n 2 n 

Also the area of the polygon 

= nr* tan" - cot - = nr^ tan - . 
n n n 

257. To find ihe a/rea of a circle. 

The area of a regular polygon of n sides described about a 
circle of radius r 

- sm- 
= nr*tan- = — . . 

n TT IT 

cos- - 
n n 

Now suppose n to increase without limit, then the area of 
the polygon approximates continually to the area of the circle as 
its limit, and therefore the area of the circle will be the limit of 
the above expression. But when n is indefinitely great, 

sm- 
008 - = 1, "7^*=!, (Art 118); 

n 

therefore area ofcirde of radius r = Trr^, 

258. To find the a/rea of a sector of a circle. 

Let be the circular measure of the angle of tbe sector; then 

area of sector 
area of circle "" 2ir' 

therefore area of sector = ttt^ ^ o~ ~ "o" • 
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Since is the circular measure of the angle of the sector, the 
length of the arc of the sector is rO; hence the area of a sector is 
equal to half the product of the length of the arc into the radius. 
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1. The sides of a plahe triangle are 24, 30, 18; find the 
area. 

2. Two angles of a triangle are 15*^ and 45^*, and the included 
side 10 feet; find the area. 

3. The sides of a triangle are equal to 3 and 12 respectively, 
and the contained angle is 30*^; find the hypotenuse of an equal 
right-angled isosceles triangle. 

4. The area of a triangle = J (a' sin 3j5 + 6" sin 2A), 

5. The area of a triangle = — ^ : — r-j i;r . 

° 2 sm {A - £) 

6. The area of a triangle 

2ahc ABC 

?= J cos -77 cos ^ cos 77. 

a-^b-^-c 2 2 2 

7. Shew that the triangle -whose sides are proportional to 

ghik^' + P), M{g' + h'), {hk + gl) {M - gJc) 
has its area and the trigomometrical ratios of its angles rational. ■ 

8 .The sides of a triangle are in arithmetical progression, and 
its area is to that of an equilateral triangle of the same perimeter 
as 3 to 5. Find the ratio of the sides and the value of the largest 
angle. 

9. If the alternate angles of a regular hexagon be joined so as 
to form another regular hexagon, and again the alternate angles of 
the latter hexagon be joined, and so on, shew that the sum of the 
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areas of all the figures so formed = -^ , where A is the area of the 
origmal figure. And generally if the figure has n sides^ the sum 

A cos — 
n 



, 3ir . IT 

Bin — sin - 

n n 



Explain the cases where n^Z or 4. 

10. If an equilateral triangle be described with its angular 
points on the sides of a given iight-angled isosceles triangle, and 
one side parallel to the hypotenuse, its area will be 

2a' sin 60* (sin 15% 
where a is a side of the given triangle. 

11. The distance between two points is a, and their distances 
&om a given line are 5, c; of all the triangles which can be formed 
having the same base a, and whose vertices lie on the given line, 

the area of that which has the greatest vertical angle is ^ J(J>c), 

12. The straight lines which bisect the angles Af (7 of a 
triangle ABC meet the circumference of the circumscribing circle 
in the points A\ C; shew that AV is divided by CB, BA into 
three parts^ which are in the proportion 

, ^A ^ . A . B , . ,(7 
sm»^ : 2 8111-^ mi J am ^ -^ 2' 

13. If a be the difference between the sides containing the 
right angle of a right-angled triangle, and S its area> the diameter 
of the circumscribing circle is equal to ,y(a" + 4aS). 

14. The sides of a plane triangle are 3, 5, 6; compare the 
radii of the inscribed and circumscribed circles. 

15. is the centre of the circle circumscribed round a triangle, 
and AO is produced to meet BG in D ; shew that 

DO COS {B--C) = AO cos A. 

T.T. 13 
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16. A circle is inscribed within a given triangle, and another 
triangle formed by joining the points of contact; within this latter 
triangle a circle is inscribed, and another triangle formed as before, 
and so on continually ; shew that the triangles thus formed ulti- 
mately become equilateral. 

17. The sum of the diameters of the inscribed and circum- 
scribed circles of any plane triangle is equal to 

a cot -4 + 6 cot J5 + c cot C, 

18. Perpendiculars are drawn from the angles J, By C of 
a triangle on the opposite sides, and produced to meet the circum- 
scribing circle; if those produced parts be a, )S, y respectively, 
prove that 

- +^+ - = 2(tan-4 + tanjB + tan(7). 

Q, p y 

19. A circle is inscribed in a triangle ABC, and smaller 
circles are described so as to touch this circle and the two sides of 
the triangle; find their radii. 

20. ' In any triangle the area of the inscribed circle is to the 

ABC 

area of the triangle as ?r to cot ^ cot ^ cot ^ . 

Ji A A 

21. On each side of an acute-angled triangle as base an isos- 
celes triangle is constructed, the sides of each being equal to the 
radius of the circumscribed circle; if the vertices of these be 
joined a triangle will be formed equal and similar to the original. 

22. If R be the radius of the circumscribed circle of a triangle, 
a cos ^ + 5 cos J5 + c cos C = 4 -R sin -4 sin ^ sin C. 

23. is tbe centre of the circle circumscribed about a triangle 
ABC ; from the perpendiculars OB^ OE, OF are drawn to the 
sides; shew that 

4 {OD^ + OE' + or) = a" cot*^ + V cot'B + c" cot'C. 
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24. If r be the radius of the circle inscribed in a tiiangle, 
and r^ r^, r^ the radii of the circles inscribed between this circle 
and the sides containing the angles -4, B^ C respectively; prove 
that 

26, Given the segments into which the base of a triangle is 
divided by the point of contact of the inscribed circle ; find the 
greatest possible value of the radius of the inscribed circle. 

26. If a triangle A'BC be formed by joining the feet of the 
perpendiculars let fall from -4, j5, C upon the opposite sides, shew 
that B(T — R sin 24, where R is the radius of the circle circum- 
scribed about ABG. 

27. Perpendiculars drawn from the angular points of a 
triangle to the opposite sides meet those sides in the points 2>, 
E, Fy prove that if R and jR, be the radii of the circles described 
about the triangles ABC and DEF respectively, and r^ the radius 
of the circle inscribed in the latter triangle, 

R^^^Ry and r, = 2i? cos -4 cos B cos C. 

28. If r, r^, r^^ r^ denote the radii of the inscribed and 
escribed circles of a triangle, prove that 

^ ,4 rr 
**^2=r-7' 

^ '« a 

29. If -4 be the area of the circle inscribed in a triangle, 
4 J, A^y A^ the areas of the escribed circles, then 

J___l_ _1_ _1_ 

JA- JA^-^ ^A^^ JA,' 

30. If the sides of a triangle be in arithmetical progression 
the perpendicular on the mean side from the opposite angle, and 
the radius of the circle which touches the mean side and the other 
two sides produced, are each equal to three times the radius of the 
inscribed circle. 

13-^2 
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31. The distances of the centre of the circle inscribed in a 
triangle from the centres of the three escribed circles are respec- 
tively proportional to 

, A , B ^ , G 

sin ^ , sm — , and sin -^. 

32. Two similar triangles have a common escribed circle 
touching sides not homologous a^, h^ ; shew that 

ttj : a^ =s sin ^ + sin C— sin -4 : sin ^ 4-sin C — sin B, 

33. If Oj, Oj, O3 are the centres of the escribed circles of a 
triangle, tnen the area of the triangle OfijO^ 



= area 



of triangle ABCll + ^-^ — + r + r — 1 • 

° ( h + c — a a + c — b a + b-c) 



34. The centres of the three escribed circles of a triangle 
are joined; shew that the area of the triangle thus formed is 

_- , where r is the radius of the inscribed circle of the original 

triangle. 

35. A'y B", C are the centres of the escribed circles of a tri- 
angle ; A\ B", C" are joined so as to form a triangle; if r and r' be 
the radii of the circles inscribed in ABO and A'B'C respectively, 

/ cot^cot^cot^ 

r A 3 (;• 

cos -^ + cos -^ + COS ^ 

36. If r be the radius of the circle inscribed in a triangle 
ABGy 28 the sum of the sides, /, 2s' similar quantities for the 
triangle which is formed by joining the centres of the escribed 
circles ; shew that 

rs ^ , A.. B . G 

^^ = 2sm^sm^8in^. 

37. Let a, Oj be the distances of the angle ul of a triangle from 
the centres of the inscribed circle, and the circle touching the side 
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a and the other two produced; )5, /?j similar quantities for the 
angle B\ y, y^ similar quantities for the angle (7; shew that 

he ca ah - 

h—c c^a a—b ^ 

38. There is only one point within a triangle, such that if 
perpendiculars be drawn from it to the sides, circles can be in- 
scribed in each of the three resulting quadrilaterals; prove this, 
and if p^, p^, p^ be the radii of these circles, and p that of the 
inscribed circle of the triangle, then 

39. A circle is inscribed in a plane triangle ABC. Another 
circle is described so as to touch the two sides AB, AC, and the 
last circle ; again, a third circle is inscribed so as to touch the 
same two sides AB, AC, and the second circle, and so on. Circles 
are also inscribed in the same way so as to touch BC, BA and 
CA, CB, Shew that the area of the inscribed circle is to the sum 
of the areas of all the other circles as 1 is to 

. ^B + C A . ^C + A B . ^A + B C 

sin* — -. — cosec -rr + sm — - — cosec ^r + sm* — - — cosec ^ . 
4 2 4 2 4 J 

40. and 0' are respectively the centres of the circles 
described about and inscribed in a plane triangle ABC Join 
OA, OB, OC, a A, O'B, aC, and let R^, R^, R„ r^, n, n, be respect- 
ively the radii of the circles circumscribing the triangles BOC, 
COA, AOB, BO'C, CO' A, AO'B. If R be the radius of the circle 
circumscribing the given triangle ABC, shew that 

abc " a + b-{-c^ j?« R^ Re R^ ' 
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41. From any point P within or without a triaogle ABC, 
perpendiculars PA% PB\ Pff are dropped upon the sides BO^ CA^ 
AB ; and circles are described about the triangles PAF^ PB'G\ 
P(jA\ Shew that the area of the triangle formed by joining the 
centres of these circles is one-fourth of the area of the triangle 
ABO. 

42. Three circles touch each other externally ; prove that the 
square of the area of the triangle formed by joining their centres 
is equal to the product of the sum and product of their radii. 

43. If the sides of a triangle be in geometrical progression, 
and the perpendiculars from the angles upon the opposite sides be 
taken as the sides of a new triangle, then the angles of this new 
triangle will be equal to those of the original triangle. 

44. If a, )9, y be the ratios which the sides a, &, c of a triangle 
bear to the perpendiculars upon them from the opposite angles 
A,B, (7, thena' + /3* + /-2(a/3 + j8y + ya)+4 = 0. 

45. In any triangle shew that 

G . C 

sm— - cos-^- 

46. The sides of a triangle are 65 and ^^^ and the difference 
of the opposite angles is 60°; find all the angles, having given 

log 3 = -4771213, log 2 = -3010300, 

Ztan52" 24'= 10-1134508, Z tan 52*^25' = 10- 11 37 122. 

47. If perpendiculars be drawn from the angles of a triangle 
to the opposite sides, shew that the sides of the triangle formed by 
joining the feet of those perpendiculars are acos^, 5cos^, and 
c cos (7; and thence shew that 

a* cos* J — 5* cos* B- <^ cos* C 



2bc cos B COS G 



-=cos2^. 



I 
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48. Six circles are inscribed between the three escribed circles 
of a triangle and the angular points, each touching a side and 
a side produced; prove that the products of their radii taken 
alternately are equal 

49. If ^ be the radius of the circle circumscribing a triangle, 
p the radius of an escribed circle, the distance of the centres of 
these circles is J{R'-i- 2Bp), 

50. Lines are drawn from the angles A, B, C of & triangle 
through any point F meeting the opposite sides of the ti-iangle in 
the points A', B^, C respectively; shew that 

AF. BCr. GA' = AC\ BA\ CF. 

51. Shew that the perpendiculars from the angles of a tri- 
angle upon the opposite sides meet in a point. 

52. Shew that the lines which bisect the internal angles of 
a triangle meet in a point. 

53. Shew that the lines which join the angles of a triangle 
with the middle points of the opposite sides meet in a point. 

54. Shew that the lines which join the angles of a triangle 
with the points where the inscribed cirde touches the opposite 
sides respectively, meet in a point. 

h5, A quadrilateral figure is so taken that a circle can be 
described about it and inscribed in it. If its sides be produced in 
both directions, and r^ r^, r„ r^, be the radii of the circles, in- 
scribed in the triangles formed on two sides, and escribed on the 
other two sides, then r^nr^ri = r\ where r is the radius of the 
circle inscribed in the quadrilateral. 
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XVII. ON THE USE OF SUBSIDIARY ANGLES IN- 
SOLVING EQUATIONS AND IN ADAPTING^ FOR- 
MULA TO LOGARITHMIC COMPUTATION. 

259. "We shall now shew how to obtain the numerical values 
of the roots of a quadratic equation by the aid of Trigonometrical 
Tables. 

(1) Suppose the equation to be 
a;' - 2px + q = Oy 
where j? and q are both positive; from this equation we obtain 

Now if 5' is less than p' assume —^ = ain'^ ; thus 



X = j?(l ± cos 6) = 2p cos' ^, or 2p sin' ^ . 

If q is greater than p' the roots are impossible ; we may then 

assume -^ = sec* ; thus 
p 

x=p{l^J{-l)tsine}. 
(2) Suppose the equation to be 
af-2px-q = 0, 
where p and q are both positive; from this equation we obtain. 

Now assume tan'^ =? -» : thus 
P 

,^ ■ , cos^±l , cos^±l 

a.=jp(l±sec^)=;? ^r- =Jq .^^ 

^ ^ ' ^ cos^ sine' 

B 6 

= Jqcot^ or -^^rtan^. 
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(3) If the equation is of the form a;' + 2px + q = 0, where 
p and q are positive, we can solve the equation a?" — 2px + gr = 0, and 
then change the sign of the roots (Algebra, Art. 340). 

(4) If the equation be of the form x' + 2px - gr = 0, where 
p and q are positive, we can solve the equation a?" — 2px — q = 0, 
and then change the sign of the roots. 

260. In like manner we may obtain the numerical value of 
the roots of a cubic equation by the aid of Trigonometrical Tables ; 
we will exemplify this by considering one case. 

Let thei equation hea^ — qx^r=Oy and suppose 27r* less than 
iq\ Put x = ny ; thus 

»' y* - qny — r = 0, 

therefore y" - ^ ~ ^ = 0. 

n n 

Now by Art. 91, cos"a - j cosa j — = ; 

Z a ^^ T cos 3a 

assume y = cosa, t = "^ ^ then — s = - - — ; 

4 n 74 4 

thus ^"(/) ' ^^^ = ^^'(4^) ^ 

the last equation determines 3a, and thus a is known, then 

y = cosa and a; = wcosa= (-^ j ooso. 

The value of cos 3a is less than unity, since we have supposed 
27*^ less than 4^. 

It appears from Art. 105 that we might also suppose 
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consistently with the value of cos 3a given above ; thus finally tlie 
three roots of the cubic equation are 

2(|)*cosa and 2 (|)*cos ^^J ± a) , 
where cos3a = |(-j. 

261. " If in mathematical researches equations like those that 
have been given of the second and third degree, presented them- 
selves to be solved, their solution would be conveniently effected 
by the preceding methods, and by the aid of the Trigonometrical 
Tables; but the truth is, in the application of Mathematics to 
Physics the solution of equations is an operation that very rarely 
is requisite, and consequently the preceding application of Trigo- 
nometrical Formulae is to be considered as a matter rather of 
curiosity than of utility." — (Woodhouse's Trigonometry.) 

262, To the examples which have already occurred of the 
use of subsidiary angles we will add two more. 

(1) Required to adapt a + h to logarithmic computation. 
If a and b are necessarily positive we may proceed thus ; assume 

- = tan'^: then 
a 

a + b = a (l + -] = a (l + tan' 6) = a sec* ft 

If a and b are not necessarily both positive we may proceed 
thus; assume -= tan ^, then 

/-. ^\ n 4. /i\ a\/2/cosd sin^X 

-^sin(^ + f). 
cos 6^ \ V 
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(2) Bequired to adapt a cos a^b sin a ^ to logarithmic 
computation. Let - = taii^; thus 



a cos 



a ± 6 sina = a ( cosa dt - sina j = a (cosa * tantf sina) 

= ;TCOs(a— tf) or ;,C08(a + ^). 

COS^ ^ ' COB^ ^ ' 



MISCELLANEOUS EXAMPLES. 

1. Solve af + 9x' + 21x+lZ = 0. 

2. Shew that the roots of the equation o^ - 3a; - 1 = are 
2 cos 20^ - 2 sin 10*, - 2 cos 40". 

3. Shew that the roots of the equation x^ —px^ + qx^r = 

ofP\^ « A o/P\* 37r±7r±a , , ^ /^ V 

are 2(^jcos^ and 2 (^ J cos ^ , where cos*a=-7-f-J 

provided p' = 5q and f^j be less than f^j . 

4. Find the roots of the equation 

aj*-10aj' + 20a5-8 = 0. 

5. A person wishes to ascertain the side BG of a triangular 
field AJBC, but is only able to make measui*ement of lines within 
the boundary of a circle which passes through A and touches £C ; 
shew how after measuring four lines he may determine BG. 

6. Two men standing at the same point G observe the hori- 
zontal angle subtended by two objects A and B ; they then both 
move away, one in the direction AG, the other in the direction BG, 
until each observes the horizontal angle to be half what it was 
before. The distance each walked being given and the horizontal 
angle at C7, determine the distance AB, 
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7. The altitude of a balloon at noon is observed at tbiree 
places Ay By (7 simultaneously to be 45", 45**, and 60° respectively; 
A and B are respectively west and north of C7; form an equation 
for determining the height of the balloon, 

8. The distances h and c of a station A from two other 
stations B ftnd C are known, and the angle BAG is required. It 
not being practicable to observe the angle BAC, the angle BOG 
(a) and the angle A OG (P) are taken at a position situated in 
the plane ABG, at a small known distance n from A, Shew that 
if 6 be the circular measure of the angle {BAG— BOG) then 
approximately 



f siD(a-/3) sin/?) 



?=.{? 



9. At a distance of 50 feet from the foot of a tower the eleva- 
tion of its top is 45° ; if the elevation and the distance be correctly 
measured within 1' and 1 inch respectively, find approximately 
the greatest error in the height. 

10. A person standing at a distance a from a tower sur-^ 
mounted by a spire, observes the tower and spire to subtend the 
same angle ; if 6 be the known height of the tower, express the 
height of the spire (c) in terms of b and a. 

If y be the error in the height of the spire corresponding to a 
small error ^ in the height of the tower, shew that 



y_/3f 46' aM 
c" b{ a'-b'j' 



11. One side of a triangle and the opposite angle remain con- 
stant ; shew that the small variations of the other sides y and fi 
are connected by the relation 

ysecC + /3sec5 = 0. 

12. The angular altitude and breadth of a cylindrical tower 
on a level plane are observed to be a and ^ respectively; and at a 
point a feet nearer the tower they are found to be a and ^; find 
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the height and radius of the tower. Find alflo the relation exist- 
ing between a, o', /?, )3'. 

13. In the preceding question if the observed angular breadth 
be subject to an error 8, and if p be the greatest consequent error 
in the calculated radius (r), shew that p will be given by the 
equation 

— = cot j()8'-/3)<cosec^cosec^-cot^cot^> S. 

If j8=60^)8'=120^ 8 = 6', find approximately the ratio of the 
greatest error in the calculated radius to the radius. 

14. Py Qy R are three known positions in a straight line, and 
PQy QR are observed to subtend equal angles at a certain point S\ 
find the error in the calculated distance of S from Q in conse- 
quence of a small error a in the observed angles. 



XYIII. INVERSE TRIGONOMETRICAL FUNCTIONS. 

263. The equation sin a; = a asserts that a? is an angle of 
which the sine is to; it is found convenient to have a notation for 
expressing this relation in which x stands alone. The notation 
used is this, aj = sin"*a. Similarly the equation ic = cos" *a ex- 
presses that a; is an angle of which the cosine is a ; and x = tan^^a 
expresses that a; is an angle of which the tangent is a; and so on. 

264. Experience will prove that the notation here given is 
often convenient; and we may shew that it is not altogether an 
arhUra/ry notation, but one that naturally presents itself. For, let 
any function of a; be denoted by/ (aj); then the same function of 
/(a;), that is, f{f{x)}, may be briefly and conveniently denoted by 
/* (aj). Thus, for example, the logarithm of the logarithm of x 
may be denoted by log*a^ Similarly/[/{/(a;)}] may be briefly 
and conveniently denoted by /'(a;) ; and so on. Thus with this 
notation we have, when m and n are positive integers, 

/-/-(«)=/"*" (a;). 
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Now we may examine what meaning it will be necessary to 
ascribe to /"(a), in order that the relation just given may hold 
when m or 71 is zero. Suppose w = 0, then the relation becomes 

this leads us to settle that/®(aj) shall be considered equal to a:. 

Again we may examine what meaning it will be necessary to 
ascribe to/"\a5) in x)rder that the relation f^f^x) =/"'^"(a5) may 
hold when wi or n is — 1. Suppose w=l andw = — 1; thus the 
relation becomes 

fr\<c)=f{x)=x, 

so that/"*(a;) must denote a quantity whose function y* is x. 

Thus sin"*a3 should denote a quantity whose sine is a;; and 
this is the meaning which we have already assigned to the symbol. 

It will be observed that consistently with the remarks here 
made, sin'o; should stand for sin (sin a;), and not for sin x x sin x. 
But as sin (sin x) is a function which rarely occurs, it is custom- 
ary to use sin*a3 for what should be denoted by (sin oj)*. 

265. Any relation which has been established among trigo- 
nometrical functions may be expressed by means of the inverse 
notation. Thus, for example, we know that 

tan2^ = -li^; 
l-tan-6'' 

this may be written 

\i-tan^e^y' 

let tand = a, so that tf = tan~*a; thus 

2a 



2tan"'a = tan" 



1-a'* 



Similarly the relation sin3tf=3sin ^-4sin'tf may be ex- 
pressed thus, 

3 sin'^a = sin"* (3a - ia^. 



i 
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EXAMPLES. 

1 . Prove that tan"' | = 2 tan"' J. 

2. Find the value of sin (sin"* ^ + cos"* ^). 

77 3 8 

3. Prove that sin" * — = sin"* ^ + sin"* y- . 

4. Find the value of tan (tan"* x + cot ~* x). 

5. Prove that tan"* J + tan"' ^ + tan"* | + tan"* | = ^ . 

6. Prove that tan"* a = tan"* ^^ f + tan"* - — r- + tan"* c. 

1 + a6 1 + 6c 

7. Find the tangent of 

3tan-*^ + tan"*| + tan-*l-^. 

8. Shew that 

tan"* {(^2 + 1) tan a} - tan"* {{J2 - 1) tan a} = tan"* (sin 2a). 

9. If tan(^-a)tan(^-/3) = tan*^; then 
_, 2 sin a sin ^ 



^ = |tan- 



sin (a + P) 



10. Prove that cos"* -^ + cosec"* ^-^ = 7. 

J{S2) 4 4 

11. Prove that Sin t + siJi 'y^+sm gK=o' 

12. Prove that 3 tan"' \ + tan"* ^ = t " ^^'' — 



4 20 4 1985* 

^ .1 . . _i2a-6 ^ _, 26-a tr 

13. Prove that tan *^— 7^ + tan 75- =q- 

Jo a Jo o 

1 4. Prove that tan (2 tan"* a) = 2 tan (tan"*a + tan"* a"). 
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15. Prove that 

tan""' (^ tan 2A) + tan"' (cot A) + tan""' (cot^^) = 0. 

16. Prove that 

~ = taii(^j + icos '^j + tan(^^-|co8 ^ j . 

17. Prove that 

l' cosec' (i tan-' !^) + | sec« (l tan"' |) = (a + &) (»' + &')• 
Solve the following seven equations in x, 

18. sin"'a? + sin-'^ = J. 

, 2a _, 2b « _, * 

19. sin" = 7, + sm \ — =^ = 2 tan 'x. 

20. tan"' (a; - 1) + tan"'a; + tan""' {x + l) = tan"' 3x, 

21. sin"'2a;-sin"'iK ^3 =8in"'iB. 

1 TT 

22. tan"' i + 2 tan"' ^ + tan"' ^ + tan"' - = - . 

23. sin 2 cos"' cot 2 tan"' a; = 0. 

24. tan"' x^ = tan"'- + tan"' -= -, 

a— I X a' — x+l 

4 13 

26. If sec 6 - cosec tf = « , shew that tf = ^ sin"' j . 

26. If sin (tt cos 6) = cos (w sin 0), shew that ^ = ± ^ sin"' |. 

27. Shew that if sin*tf + ain*<^ = 4 one of the values of «^ 
which satisfy the equation 

^ = sin"' (sin + sin <f>) + sin"' (sin - sin <f>) 
is (2n + l)J. 



I 
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I 

28. Find x from the following equation, ! 

29. Shew that one of the expressions 



. _, 25 + a-c ft . _ 
sin sfc 2 sin 



a + c 



]& an odd multiple of ^ . 

30. Find all the positive integral solutions of 
tan" ' aj + tan~^ - = tan"* 3. 



31. Shew that if c be a positive integer, the equation 

tan~* X + tan~* y = tan~* c 
has no positive integral solutions ; while the equation 

tan"* - + tan"* - = tan"* - 
X y e 

has as many as there are different divisors of 1 + c*. 

< 

32. Prove that tan"* - = tan"* ^^^^^ + tan"* -^A 

y c^y + x c^c^ + 1 

+ tan-*-^?^« + + tan-*^^^^l^V + ta^~'-> 

where Cj, c,, c^ are any quantities whatever. 



33. The sum of any number of angles 

sin *-5 r^ 

may be expressed in the form 



. -, 2a6 ... 2a'b' 

sin -^1 — r,, sin -75 — =7;, 



, _, 2w» 
sin *— r— « 



where m and n Bxeratianal functions of a, h, a, h\ 

T. T. 14 
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-, (- ir 

34. Write down the general value of sin ^ ^ , where m 
is an integer. 

_ (-'Vr 

35. Write down the general vahie of cos ^^— ^ — , where ra 

is an integer. 



XIX. DE MOIVEE'S THEOREM. 

266. The student has already learned from Algebra that 
although the square root of a negative quantity is the symbol of 
an impossible operation, yet such roots are of use in mathematical 
investigations. It is usual to adopt the convention that 

and that such expressions as a J(^ 1) shall be subject to all the 
laws of algelffaical transformations. In the remainder of the pre- 
sent work it will be found that ^(- 1) occurs very frequently in 
our investigations; we shall for the present assume that this 
expression may be freely used like any real algebraical expression, 
and hereafter we shall give some remarks on the question of the 
validity of demonstrations which are obtained by the use of the 
symbol ^(- 1). (See also Algebra, Chap, xxv.) 

267. De Moivre's Theore7n, Whatever he the valv^ of n posi- 
tive or negative, integral or fractional^ cos n^ + ^(— l)sin n^ is 
om of the valves of [cob + ^(— 1) sin 6]*, . 

Multiply cos a + J{- 1) sin a by cos )3 + tj{- 1) sin )3 ; 
the product is 

cos a cos jS - sin a sin j3 + ^/(- 1) {sin a cos )3 + cos a sin /8}, 
that is, cos (a + j8) + ^(- 1) sin (a + j8) ; 
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multiply the last expression hj 

COSy + ^(— l)sin y ; 
the product is 

cos (a 4-/? + y) + ^(- 1) sin(a + /8 + y). 

By proceeding in this way we obtain the product of any num- 
ber of factors of the form cos a + J(- 1) sin a. Suppose there are 
n of thes^ factors, each factor being cos + ^{- 1) sin 0; we then 
have 

{cos 6 + J{-- 1) sin OY = cos n$ + J{-- 1) sin n0. 
This proves De Moivre's theorem when w is a positive integer. 
iN'ext, let 7* be a negative integer; suppose n = — w, then 
{cos 6 + V(- 1) sin ey = {cos + J{- 1) sin 6}- *" ' 

1 

"{cos^ + ^(-l)sin^}'" 

^ 1 

"" cos md + J{-' 1) sin mO ' 

multiply both numerator and denominator by 
cos m0 - //(-I) sin mO, 

• , 1 j^ . cos m^ - ^(- 1) sin m^ 

thus we obtam » — ^^ .% — y, — : 

cos m^ + sm wio' 

that is cos m$ — J{— 1 ) sin mO ; 

that is cos (- m$) + J{- 1) sin (- mO), 

or cos w^ + J{- 1) sin nO. 

This proves De Moivre's theorem when w is a negative integer. 
Thus, since when n is any integer, 

{cos 6 + J(- 1) sin 6Y = cos n6 + ^( -1) sin nO, 
it follows that cos + ;y(— 1) sin ^ is one of the values of 

{cos nO + J{- 1) sin n6}% 
when n is any integer. 

U— 2 



212 DE moivee's theorem. 

Lastly, then, let ?» be a fraction; suppose w = ~, then 

{cos B + ^(- 1) sin e}" = {cos B + ^(- 1) sin tf}5 

1 
= {cosp^ + ^/(-l) sinp6}« > 

and one of the values of the last expression is 
cos^ + J(-l)siQ^. 
Thus De Moivre's theorem is completely established. 

^^^, We have shewn that when n is fmctional, 

cos nO + J{- 1) sin nO 

is one of the values of 

{costf + ^(-l)sind}"; 

we shall now shew how cUl the values of the last expression may 

bo obtained. Suppose «=— . Now costf and sin^ remain im- 

changed when 6 is increased by any multiple of 2^, while by put- 
ting + 2r7r instead of 0, and ascribing ^to r in succession different 
integral values the expression cos n6 4- <y(— 1) sin nO, assumes q dif- 
ferent values and no more. For suppose r successively equal to 
0, 1, 2, 5^- 1 ; then we obtain the series of angles 

p$ p{e-\- 2ir) p{e + 4tTr) jg(g + 2g7r-2?r) 

and we know that no two of these angles can have the same sine 
and the same cosine, because no two of these angles are equal or 
differ by a multiple of 2w. (See Art. 93.) Hence we obtain 
q different values of the expression cos nO + /^(— 1) sin ntf. We 
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shall not in this way obtain more than q different values, for if 
r — 8-¥ mq, where m is any integer positive or negative, 

coan{6 + 2rir) and sin. n (6 ■{- 2rir) 

are respectivelj equal to 

cos n{0 + 28Tr) and sin w (tf + 2«ir). 

We can thus find q different values for the expression 

{costf + ^(-l)sin^)}«j 

that is, we can find q different expressions, which by being raised 
to the q**" power, produce cos p6 + J(- 1) sin pO. And it is known 
firom the theory of equations that there are q values of a?, and no 
more, which satisfy the equation af = c, where c is either real or of 
the form a + hj{- 1) ; thus we infer that we know M the values 
of the expression 



{costf + ^(-l)sin^}«. 

269. We proceed to deduce some important results from De 
Moivre's theorem. In the equation 

cos nO + <y(- 1) sin n$ - {cos tf + J(- 1) sin^}", 

suppose n a positive integer. Expand the right-hand member by 
the Binomial Theorem, and equate the possible and impossible 
parts of the two members ; thus 

cos n0 = cos"« - ^^^ cos"-' 6 sin'tf 

n(n-l)(n-'2)(n-3) ,_^. . .. 
+— ^ ^-\-, — ^^ ^cos" *tfsin*tf- 

li 

mine = nco&''''eBm0-^ '^^''''^X^'^~^K os'-^eam'0 
^n(n:i)(.-2)(.-3)(.-4)^^...^^.^_ 
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270. The preceding formulae hold whether n be odd or even, 
but the last terms of the expressions on the right-hand side are 
different in the two cases, and it will be useful to distinguish the 
cases. 

If n be even, the last term of the expansion of 
{cos^ + ^(-l)sin^}" 

n 

is possible, namelj, (-l)*sin"^; and the last term but one is 

n-l 

impossible, namely, n(-l) * cos^ sin""*^, which may be written 
J{— 1) n (- 1) * cos ^ sin""^ 6, Thus when n is even 

n 

the last term of cos n^ is (-1)^ sin"^, 

and the last term of sin n9 is w (- l)~a cos sin""' B, 
If n be odd, the last term of the expansion of {cos + ^(— 1) sin fl}" 

is impossible, namely (-1)* sin"^, which may be written 

and the last term but one is possible, namely 

71 (-1)* costf sin"-'ft 
Thus, when n is odd, 

the last term of cos w^ is n (- 1) « cos sin""^ 0, 

w-l 

and the last term of sin nO is (- 1) ^ sin"ft 

271. From the formulae for sin nO and cos nO we'can deduce 
an expression for tan nO in terms of the powers of tan 0. 

-c, . /I sin nO 

For tan nO = 

coanS 
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iNov divide both numerator and denominator of this expres- 
sion by cos" 0; thus we find for tan nO the expression 

272. If n be even, the last term of the numerator of tan nO 
is w(-l)a tan"~^^, and the last term of the denominator is 

n 

(— 1)» tan"tf. If n be odd, the last term of the numerator is 
(—1) * tan"<?, and the last term of the denominator is 
w(- 1)» tan"-'^. 
These results follow from those established in Art 270. 

273. We may also obtain general formulae for the sine, cosine, 
and tangent of the sum of any number of angles which are not 
all equal. We have seen (Art. 267) that 

{cos a + ^(- l)sina} {cos p + J(- 1) sin jS} {cosy +^(- 1) siny} 

= cos(a + /3 + y+ )+^(-l)sin(a + )8 + y ). 

Now cos a +^(~ I) sin a = cosa {1 + J{- 1) tan a}, 

co8)3+V(- 1) 8in)8 = cos)8{l + ^(- l)tan/3), 

thus we obtain 

cosacos^cosy...{l+^(-l)tana}{l+^(-l)tan/3}{lV(-l)t^ny}-- 
= C03(a+/3 + y+ )+v^(-l)sin(a + ^ + y + ) 

Let *j denote the sum tan a + tan)8 + tany+ ; let s^ 

denote the sum of the products of the tangents taken two at 
a time; let ^3 denote the sum of the products of the tangents 
taken three at a time; and so on. 
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Then by multiplying together the factors 1 + J(- 1) tan a, 

+ J{- 1) tan )S, 1 + ^/(- 1) tan y, and equating possible and 

impossible parts we obtain 

cos(a + )8 + y+ ...) =cosa cos j8 cosy ... {l-s^-^s^-s^-^- ...}, 

sin(a + j8 + y-f ...) = cosacos)8cosy ... {8^-'8^-^8^-8j+ ...}. 



Bj7 division, 



tan(a + /3 + y+...)=-i 



-«8 + «5-*7+-.- 



1 -8^ + 8^-'8^+ ../ 

If n be even, the last term in the numerator is (- 1) * «»_j, 
and the last term in the denominator is (- 1)^^,; if ti be odd, the 

n-l 

last term in the numerator is (— 1) * «», and the last term in the 

denominator is (— 1) ■ d^_j. If the angles a, ^, ... are all equal, 
the foimula will coincide with that given in Art. 271. 

274. "We shall now prove formulw for the expansion of sin a 
and cos a in series of powers of a. 

We have, when n is a positive integer^ 
cosn^ = cos-tf - ^S^";^^ cos"-'^ sin'd 

.-<-^)(7;^)<-^>cos-(^sin-^- 

Letn^ = a; and suppose n to increase without limit, and let 
so change that n may remain a positive integer and nO be always 
equal to a ; thus must diminish without limit. The preceding 
equation may be written 

cos a = cos"tf - ^^^^^cos"-'d 
1 . J 



+ -^ >-^-^ > COS" '0 (-^) - 
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Now when n increases without limit, and, therefore, 9 dimi- 
nishes without limit, ^ is equal to unity, and so is every power 

of —^ up to i—fT- ) ; also cos tf is unity and so is every power of 
cos^ up to cos"d (Art 150). Hence the above formula becomes 



C08«=l-j^+^-^4., 



Also 



ainng = nco8"-^gsing- ''(''""j^('''"^) oo8'^flsin'g-f . 

,, . »-,/,sin^ a(a-^)(a-2^) ,_,-/sin^V 
thus sin a = a cos*^*tf — -^ > ^ ' cos""*tf ( —^ ] 4 



\1 

Hence, by supposing n to increase without limit, we obtain 



a a' a' 

Sina = a-T— + ,— - rs + 



■L3-^15-L7 

The results of this article are of the greatest importance ; we 
Khali make some remarks upon them in the next three articles. 

275. It must be observed with respect to the formulas esta- 
blished for the expansion of sin a and cos a, that a is the circular 
measure of the angle considered; for it is only when an angle is 

estimated in circular measure that — ^— is unity when 6 is indefi- 

u 

nitely diminished. It is easy to obtain the requisite modification 

of the formidae when any other unit of angular measurement is 

adopted. Thus, for example, 

smn-=a-^-.j^- 

where a is the circular measure of the angle of rf; thus a = y-j: , 
and we have 
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sm n = , 



o_ rnr 1 fnir\* 1 / mr^ 

"^ ~i86"i3\T8oy "^"[sviso; " 

Similarly cos.^= 1 -|(^)V 1 (^/^ 

276. ^Ae series for sin a a/ic? cos a a/re convergent for all 
values of a. 

The n^^ term in the series for sin a is ^^ — -^^ = — : hence the 

\2n — 1 

numerical value of the ratio of the (n + 1)*^ term to the n^ is 

^ — — =^: and whatever be the value of a we can take n so 

2'/i (2/i + 1) ^ 

a' 

large that for such value of n and all greater values h—zo" f\ 

shall be less than any assigned quantity; hence the series is con- 
vergent (Algebra, Art. 559). 

Similarly it may be shewn that the series for cos a is always 
convergent. 

277. The proof given in Art. 274 involves one point that 
may not at first appear quite satisfactory. The (r + 1)**" term of 
cos a is strictly 

(- ly -^ ^— ^—^ ^ cos"""^ sm^O ; 

this we write in the form 

(_ iy a(a-^)(a-2^)...(a-2r^ + ^) ^^^,.,,^ /sin^\- 

Now it is proved in Art. 150 that the limit of cob*""*'^ is 
unity, and also that the limit of (— z~") is unity; the only ques- 
tion is whether the limit of 

a(a,^)(a^2^)...(a-2r^-f^) . , a^ 
I2r ^'\2r 

for aU values of r. This is obviously true when r = 1; that is, 
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the limit of ^ — ^is ^ ; and we can shew by induction that the 
required result is always true. Por assume that 

where R diminishes without limit when ^ does so, so that the 

a*' 

limit of the right-hand member is r^j introduce a new factor 

a-2r^ . 

a(a-^)...(a-2r^) _ T a"" W a ^tB \ 

| 2r+l ~l|_2r'^^J(2i^Tl 2r+l/ 

"1 27- 4-1 "^ 2^1 2r+ ll[2r ' y 
and when ^ diminishes without limit all the terms on the right- 

hand side vanish except . ^ — ^ , which is therefore the limit of the 

^ [2r + 1 ' 

left-hand member. Similarly we can shew that when another 

factor — r X — is introduced the limit is -^ ^ ; and so on. 

2r+2 1 2r + 2 ^ 

278. The following example will shew how the series for 
cos ^ may be practically useful. Suppose two sides a and 6 of a 
triangle are known, and the included angle G \ if (7 be a very 
(MuAe angle we can give a convenient expression for the third side 
of the triangle. 

For suppose tt — d to be the circular measure of the angle (7, 
so that B is very small ; thus 

c* = a" + 6* - 2a6 cos (7 = a* + 6* + 2ah cos B 

= o' + 6* + 2a5 ( 1 — •H") approximately, 
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Hence, hj extracting the square root, 

c=(a + 6)|l~^-^^^^,|approxinuitel7. 



EXAMPLES. 

1. Extract the square root of cos iA ± ^(— 1) sin 4-4. 

2. Find the values of (- l)i 

3. Obtain the six values of (- 1)^. 

4. Find the three values of {1 + J{- 1)}*. 

5. Given ^^=1771777, shew that is nearly the circular 

^100 

measure of 3". 

6. Given sin (-4-^) = '51, find approximately the value of 
0, neglecting powers of 6 above the second. 

7. If tanaj = ic+-f^ + -^+ 

[3 [5 

shew that 

(27^+1) 2n (2n-^l)2n{2n-l) (2n-2) ^ 
«-..,= — 1-72— «.-i-^ 11 «2«-3 + - 

8. If cot = a^-h aj9' + a^O* + ... 
fthew that 

, _«.-. f^^.^ , (-irx ,(-ir. 

^"^[3""" [5 \ 2n^l I2n' 

hence find cot d to four terms. 

9. If sec^ = a^ + a^^* + a4^+...+aa,^+... 
shew that 






a. _«^._^+...+ 
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10. If COS 2a + J{-' 1) sin 2a be substituted for a in the ex- 

hc 

pression -, tt? ^ » Mid similar quantities for b and c, and the 

^ (a + 6)(a4.c)' ^ 

result reduced to the form A -^B J{- 1), find the values of A and 

B in terms of a, /3, y. 

11. Shew that 

{cos ^ + COS <^ + Ji^- 1) (sin + sin <^)}" 
+ {cos ^ + cos <^- i^(- l)(8in ^ 4- sin ^)}" 

^2-(^cos-^j <^<>«-V^^- 

1 2. Shew that if a; = «*^^"'\ and ^(1 • c") = ^ - 1, 

1 +ccostf = ^^^(1 4-7iaj) (^1 +^j . 

13. Prove the following rule for finding the length of a 
small circular arc; from eight times the chord of half the arc sub- 
tract the chord of the whole arc, and one-third of the remainder 
will give the length of the arc nearly. 

14. Prom the identical equation 

{x — 6) (aj ~ c) {x — c) (x — a) (a; - a) (ar - 5) __ 
la-b)(a^c) "^ {h-'C){h-a) ■*" (c-a)(c-6) ~ ' 

deduce the following by assuming 

aj=: cos2tf + ^(- l)sin2^, 

and corresponding assumptions for a, 6, and c; 

Au{0-P)An(e-y) 

sm (a -p)BUi(a — y) ^ ' 

sin(tf-y)8in(^-a) . « //i m 
sm(^-y)sin()8-a) ^ '^^ 

sin (^ - a) sin (d - /8) . o /zi \ a 

+ -^—7 r^-7 m sin2 (tf-y) = 0. 

Bm(7-a)Bm(y~jS) ^ " 
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XX. EXPANSIONS OF SOME TRIGONOMETRICAL 
FUNCTIONS. 

279. Let X denote cos + J{- 1) sin 6 ; then 
1 ... 1 . 



X cos ^ + J{- 1) sin 6 



:C08d— ^(-l)sin^; 



thus a; + - = 2 qos Oy an.d .x — = 2 J{— 1) sin 6j 

X ^ X 

also 05" = {cos + ^(- 1) sin ^}" = cos nO + ^(- 1) sin n6y 

1 J - 1 > >^ ;^ 1 .. 

ic" {cos ^ + J{- 1) sin ^}" ^ cos nO + J{- 1) sin nO 

escosnO-- J (—1) sin nO; 

I 1 

thus a" + -^ = 2 cos t^^, and «" - -„ = 2 ^(- 1) sin nO. / ' 

"We shall find this notation useful in the following investi- 
gations. 

280. To express cos°^ in terms o/'cosiries of multiples 1 of 
when Ji is a positive integer,' 

., 1 n(n-l)^,.. 1 



X -^nx .-+ — ^ — K-^x ".-1 + ... 
. X 1.2 x^ 



2"cos"« = ^a; + -^ = 

n{n-l), I 1 1 

1 . 2 X x^ ic" 



Now rearrange the terms on the right-hand side, putting 
together the first term and the last, the second and the last but 
one, and so on ; thus we obtain 

but «"+ ~ = 2 cosw^, a;"-"+ -Tjr5= 2cos(n-2)^, and soon; 
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therefore 
2--» cos- tf = cos nfl + n cos (n- 2) d + '^l^!^^ cos (w- 4) tf+... 

■h— '—r-^ ^cos(n-2r)^ + ... 

The last term of the series on the right-hand side will take 
different forms according as ^ is even or odd. In the expansion 

of fa;+ -j by the binomial theorem there are n + 1 terms; thus 

(n \*^ 

which is 

»(n-l)...(n-jn^.l) ^ 1 ^^^^ n (n- I)... (^^ 1) 

Hence, when n is even, the last term of 2'~'coa'6 is 
n(»-l)...(^« + l) 

When n is odd suppose it = 2m + 1 ; there are two middle 
terms in the expansion of (x + '-j , namely, the (m + 1)*** and 
(to + 2)*; their sum is 

\m \ xj' 

Hence when n is odd, the last term of 2"-^ cos" is 

281. We shall find that sin" can be expressed in terms of 
cosmes of multiples of ^ if n be an even positive integer, and iu 
terms of sines of multiples of d if w be an odd positive integer; 
this will appear in the following two articles. 
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282. To eocpress sin°^ in terms of cosines of multiples of 0, 
when n is an even positive integer. 

2-(-,)5«.-»-(«-l)-.«--^-.U"4^^4.... 

*"-';^---(-r-(-rH-r 

Now rearrange the terms on the right-hand side, putting 
together the first term and the last, the second and the last but 
one, and so on ; thus we obtain 

; w(>t-i)...(|«+i) 

Therefore 
2--^- l)\sin-e = coswe~wcos(ri-2)^+^-^^ (cosn- 4) ^ - ... 

+ (-1)"^ -^^ ^-|-^^ ^cos(n-2r)tf+... 

^^, n{n-\)„.{\n + l) 
'^^ ^ 2|^ 

283. To express sin*" 6 in terms of sines of mvltiples of 6 
when nis an odd positive integer, , 



2"(-l)"» sin- e^(x- ^y=a^- 

n{n-^l) ,1 11 



nx .-+ — - — ^ — X .-J 
X 1.2 X* 



Now rearrange the terms on the right-hand side, putting 
together the first term and the last, the second and the last but 
one, and so on; thus we obtain 
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Lut ar--i = 27(-l)8mn^, 

a;---L=2V(-l)sin(«-2)<?, 
and 80 on; therefore 

2— (_ lyr^are = sin «^ - w an (» - 2) * ^ w(w-l) ^ (n - 4) tf 
n(n-l)(»-2) . / «>. - ,,!^'n(n-l)...i(» + 3) . . 

284. If w be not a pcwitive integer^ the expressions for cos" $ 
and ain* 6 in terms of the cosines and sines of multiples of are 
very complicated. For these we may refer to Peacock's Algebra, 
Vol. II. pp. 435—440. 

285. In Art. 269 it is shewn that when n m & positiye 
integer, 

cos ne = cos"^ - !L('* "■ ^.) cos"- tf sin* tf 

i . M 

w(n-^l)(n-2)(w^3) ,.^. . ,- 

+ — ^ ^-^ca — — ■ cos" *0 sm^tf - . . . : 

|4 

J since . sin'tf = 1 - cos*^, sin*j9 = (1 - cos'^)'. 

Hind so on, it is obvious that cos nO can be expressed in terms of 
^Piffirers of cos ; we wiU now give a direct investigation of this 
expression* 

286. To express cosnd in a series of descending povsers of 
cos^ when nis a positive integer. 

Let aj = co8tf + ^(-l)sin^, 

T. T. 15 
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so that ap + - = 2oos^, aiida3" + — = 2cos7^; 

X X 



now 



where <? = 2 eosO. 

Take the logarithms of both members; thus 

log(l-«ar) + log(l-^)=log{l-«(c-«)}; 
therefore ^x -\- ^ zV + 1 ^a^ + -. +- + J-5 + J-^+ ... 

In this identity we may eqiiate the coefficients of z\ Oa 

the left-hand side the coefficient of «" is -(aJ^ + -n); that is, 

n\ X J 

2 

-cosw^; the coefficient of «" on the right-hand side must be 

obtained by picking out the coefficient of is!' from the expansion of 

- «" (c — zf and of the terms which precede it. 

1 c" 

The coefficient of is;" in - »" (c - «)" is — : 

the coefficient of «^ in ^ "", ^ — is - - — = In - 1) c"~* : 

»- 1 n- 1 ^ ^ 

+1. «• 4. ^^- «""''(c-«r' . 1 (w--2)(n-3) ,^, 

the coefficient of :t m r^^ — ^ — is ^ -^ ^r^ -c *: 

w-2 w-2 1.2 ^ 

and generally the coefficient of «" in «""(c -»)""'" is 

n-r ^ ' 

(- ly (7i-r)(7^-r-l)...(n~2 r+ 1) „_., 
w — r [r 
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Thus 2cos7itf = (2cos^)"-7i(2cos^)--"+^?^^^\2cos<?)-^^^ 

The series on the right hand is to continue so long as the 
powers of 2 cos $ are not negative. 

287. It is obvious either from the above series or from that 
in Art. 269, that when n is an even positive integer cos nO can be 
arranged in a series of powers of sin' 0, Thus we may assume in 
this case 

cos7i^= 1 + -4^sin'^ + -44sin*^ + -4^sin*^+ ... +-4,sin"^. 

It is clear that the first term must be unity, because when 
^ = we have sin^ = and cos?*^ = l. Now we shall adopt an 
indirect method of determining the values of the coefficients 

A^ A^, Change $ into ^ + A ; thus cos nO becomes 

cos n6 cos nh — sin nO sin nh; 

now put for cos nh and sin nh their values in terms of nh by 
Art. 274; thus the above expression becomes 

37 s 

COS nO — nh sin nO ^ cos nO-{- &c. 

Again in the term A^^sm^B change into 0+h; we thus get 
A^^ (sin ^ cos A + cos ^ sin A)% that is, 

A' 
A^ (sin.tf + A cos ^ - -^ sin ^ - . . .)**. 

. If this be expanded in powers of h the term involving A" is 

^»r{ ^^f^2^^ sin''-»^cos*d-.rsin*'^U^ 

Equate the coefficients of A*; thus 

%' 
--^cosn0 = A^{coa'e-am'O}-hA,{2 . 3 sin*^cos'^-2sin*^} 

+ ... +^, /— (?!l^siD'-'^cos'tf-r sin"^! + ... 

15—2 



228 EXPANSIONS OF SOME TEIGONOMETRICAL FUNCTIONS. 

Now put 1 -sin*^ for cos'^ on the right-hand side; then the 
term containing sink's will be 

(2r{2r-l) ) (2r+ 2) (2r4 1) . 

~ ''\rr2~'^ r^"*' — m — ' 

and this coeffident must be equal to that of sin^tf in the series 



for 


-^co. 


mO, 


that is, to - 


"^^ari *^^^ 








j\ = 2r'^.- 


'A^,^{r^\)(2r^l), 


therefore 




-^ar-W 


n'-{2ry 
(2r + l)(2r + 


7,^ 



By means of this law we may form the coefficients in succes- 
sion ; we may consider A^—1; then 

_ n'^2' _ 71 V"-^ 
*"""XT"^» "1.2.3.4' 

and so on. 

Hence, finally, 

. , n' . , . wV-2^ . ,^ VK-2«)(ri'-4') . ,. 

cosn^=l- ,r-— sm*tf + — ^-^ — -'sin^tf ^ 1^ '- sin*d+ ... 

i . J [4 [6 

In the above process by equating the coefficients of h we shall 
obtain 

-nsin w^ =A^2 sin^ costf + J^ 4 sin^tf cos^+. . + Jj^2rsin*'~^tf cc8fl+. . . 
Substitute the values of -4^, -4^...; thus 

8inn^ = ncosg(sing-^'sin»g4.<^'-^?^^'^^'>8in'(?--.J 

When n is odd, we may start by assuming 

sin 7ie = A^ sin O-hA^ sin' tf + A^ sin'tf + . .. + J, sin"^ ; 
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then, by proceeding as before, we shall find 

sm?itf = »sintf ^y^ — ^^sin'^ + — ^ -/-^ ^sm*^-... 

[3 [5 

cos7if^ = COS tf n - -- -^sm'^ + ^^ ^^ ^sin*^ - ... > 

288. In the four formulae obtained in the preceding article 
change into « — ^; thus we have, if n be an even integer, 

(- ly COSwtf = 1 - -jr COS'^ + ^-j ^ COS* ^ - ... 

(- l)^'ain«tf=wsin^|cos(9-^^'cos'^4-^-^^'j^^^^^ cos*^ -..|; 
and if n be an odd integer, * 

(-1) a C0S7ltf=WC0stf ^ ^ COs'^ + -^ 1^^^ -^COs'^-... 



MISCELLANEOUS EXAMPLES. 

1. Expand (sin ^)**"^' in terms of cosines of multiples of 0, 

2. Expand (sin^)*""^^ in terms of sines of multiples of 6, 

3. Expand (cos^)'" in terms of cosines of multiples of 6. 

4. Pi-ove that in any triangle 

a*cos|(^-(7) 6'cos ^ ( C-^) c'cos \ {A-B) 
cosi(^ + (7) ■*" ""c^~((7TZ)r ■*■ co8j(i+^)' 
= 2 (oft + 5c + ca). 

5. From the angles of a triangle ABC, perpendiculars AD^ 
BE, CF are let fall upon the opposite sides ; prove that 

a sin {BAD -CAD) + h sin {GBE - ABE) + c sin {AGF- BGF) = 0. 
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6. From A, B draw AD, BD perpendiculars respectively 
to AO, BO, If p be the radius of the circle inscribed in ABD^ thea 

AB = p (sec -i + sec ^ + tan A + tan B), 

7. Three equal circles of radius a touch each other; shew- 
that the area of the space between them is 



(V3-i)«'. 



8. The area of a regular polygon inscribed in a circle is a 
geometric mean between the areas of an inscribed and of a 
circumscribed regular polygon of half the number of sides. 

9. The area of a regular polygon circumscribed about a circle 
is an harmonic mean between the areas of an inscribed regular 
polygon of the same number of sides, and of a circumscribed 
regular polygon of half that' number. 

10. If the side of a pentagon inscribed in a circle be c, the 
radius is^^^<^^^^>. 

11. Three circles whose radii are a, b, c touch each other 
externally ; prove that the tangents at the points of contact meet 
in a point whose distance from any one of them is 



(ahc \h 
a+b + cj 



12. The sides taken in order of a quadrilateral whose opposite 
angles are supplementary are 3, 3, 4, 4; find the area and the 
radii of the inscribed and circumscribed circles. 

13. The area of a regular polygon inscribed in a circle is to 
that of the circumscribed polygon of the same number of sides as 
3 to 4 ; find the number of sides. 

14. If the diameters of three circles which touch each other 
be a, 6, c, and a, jS, y be the chords of the arcs between the points 
of contact in each, shew that 



^-\a*b)\b*7){c^aj- 



ajiy 
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15. Shew that the limit of f — ^ — j^, when is indefinitely 
diminished, is e. 

16. The two diagonals of a quadrilateral figure whose oppo- 
site angles are supplementary cannot be equal unless some one of 
the sides be equal to the opposite one. 

17. Two circles whose radii are a and b cut one another at 
an angle y; shew that the length of the common chord is 

2ab sin y 
J {a* + 2ab cos y + 6') * 

18. The radius of the circle inscribed in a triangle can never 
be greater than half the radius of the circle described about the 
triangla 



XXI. EXPONENTIAL VALUES OF THE COSINE 
AND SINE 



If we expand e*' and e"'" by the exponential theorem 
we obtain 

I/O. *.x , ^'«' ^'^' ^^' 



If it were possible to make ifc* = -l, so that ^*=:1, k^ = -l, 
and^ so on, then the right-hand member of the first equation 
would be the expansion of cos «, and the right-hand member of 
the second equation would be the expansion of sin a; (see Art. 
274). Hence we are led to these results, 

cosa:= ^ , sma:^ ^^^^^^ . 



232 EXPONENTIAL VALUES OP THE COSINE AND SINE. 

The meaning of these equations is simply this; if we expand 
eV(~'>* and e'Vt"')*, by the exponential theorem, in the same way 
as ifj{— 1) were a real quantity, we shall by the above formulas 
obtain the known series for cos x and sin x. 

These expressions for cos x and sin x are called the exponential 
values of the cosine and sine. 

290. From the exponential values of the cosine and sine we 
may deduce similar values for the other trigonometrical functions. 
Thus, for example, 

"We shall now use the exponential values in establishing certain 
results. 

291. To expand 6 in powers <>/*tan 6, 

By Art. 290, ^(- 1) tan g = ^^,.., ^ ^^^^. ; 

Take the logarithms of both members ; thus 
2^V(-l)=log{l + V{-l)tan^}-log{l-^(-l)tan^} 

= 2 J{- 1) Itan ^ - 1 tan'tf + 1 tan*d- . .,| ; 

therefore 6 = tan^ -- tan'tf + \ tan*^ - ... 
o 5 

This is called Gregory's Series, 

Let tan = a;, so that = tan~*aj; 

thus tan~*a; = a;-K«* + -r»'-... 

3 
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292. The preceding investigation is unsatisfactory, because it 
gives no indication of the extent to which the result may be relied 
upon as arithmetically intelligible and true. The n^ term of the 

last series is ^ — ^ — = — ; hence the numerical value of the ratio of 
2» — 1 

2n — l 
the (»4-l)***term to the 7i*^is ^ ^ a;': therefore the series is 

convergent if 05 be less than unity {Algebra, Art. 559). The series 
is also convergent when x is equal to unity {Algebra^ Art. 558). 
For values of x greater than unity the series is not convergent, 
and is therefore not arithmetically intelligible. 

293. Moreover tan"* x has an infinite number of values corre- 
sponding to the same value of a;, so that one member of what 
appears as an equation admits of more values than the other; 
this point is left unexplained in the investigation which has been 
given. 

The subject of series cannot be adequately treated without 
using the Differential Calculus. The student must therefore be 
referred to treatises on that subject for a satisfactory demonstra- 
tion of Gregory's Series. It is there shewn that so long as B lies 

between — -r and—, the result 6 = tan 0--^ tan* + -= tan*d - . . . 
4 4 6 

is absolutely true. (See Differential Calculus, Chapter VII.) 
If, however, 6 = mr-\-i^y where ^ lies between - - and j , then 

^ = tan <^ - 5 tan'^ + -= tan*^ - . . • ; 

thatia, <9-»ir = tantf-^ tan'^ + g tan'tf- ... 

294. In Gr^ry's Series put ^ = t- > ^'^^ smce tau t = 1» 

IT ,1 11 1_ 
4~ 3'*"5 7'^5 ■■" 
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This series might be used for calculating the value of tt; but 
it is very slowly convergent, so tliat a large number of terms 
would have to be taken to calculate tt to a close approximation. 

295. Elder's Series. 

i + i 

X -1 1 . -1 1 J -.1 2 3 IT , 

tan * ^ + tan ' ^ = tan ^ = tan 1 = t i 

.,^11 1 1 

1 1 _1 1_ 

296. Machines Series, We shall first shew that 

. = 4tan --tan ^. 



2tan *^ = tan ., =tan *^r7=ta'n ^=-s, 

o 1 24 12 

^""25 

10 

.X -il o* -1^ * -I 12 ^ _,120 
4tan^3 = 2tan j^^ = tan _^=tan ^^^-^-. 

144 

1 TT 

Hence 4 tan~^ ^ ^ * li*^*!*^ greater than j; suppose 

4 tan'-^ - = - + tan"^ x, 
o 4 

then r-^-TT = tan ( - + tan « ) = ^j : 

119 \4 / l-oj' 

from this we find x = ^^ . 
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Therefore t = ^ ta^"* ■= - tan"* ^ .- 
4 5 . 239 

r 1 1 1 1 ) 

1239 3(239)» ■*" 5(239)* 7(239/ '")' 

297. It may be shewn that 

tan"* = tan~* tan~* — i 

239 70 99' 



thas 



^=4tan-i-taa-^ + tan-^. 



The series for tan * =^ and tan ^^ are convenient, for pur- 

poses of numerical calculation. 

The value of v has been calculated by two computers inde- 
pendently to 440 places of decimals (see Lady 9 and GerUiemamla 
Diary for 1854, page 70, and for 1855, page 86). 

298. Given sin x = n sin (x + a), required to expa/nd x in 
powers o/n. 

Here ^VH)- e-VH) = ^ {g(-+a)VH)- e'^'-'^VJ-^)}, 

therefore e"Vi-')_ 1 = n {e(»'+«)V(-^) - e-^f'% 

therefore 6-VH> {1 - n«»VH>} = 1 - we-*V(-'), 

therefore ^VH)=.^__^„ 

therefore 2a? V(-l) = log{l -n6-VH>}-log{l - weV'^} 

therefore aj = »8ina + -x-sin2a+ ^sin3a+ 
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As an example, suppose a = 7r—2x, then n = l; thus 

05 = sin 2a; — K sin 4:0? + ^ sin 6a: - -r sin 8a: + . .. 

2 6 4: 

299. Given tan x = n jban y, required to find a series for x. 
Here .,./,_n . _..//_n = n 



therefore 






e«-V(-')+l ' e«yV(-^)4-l' 



therefore e'V ') = )^ ; <,„ »-ii — ^ 

»„ . ,, 1 + me-^VH) 1 - n ^ 

= e^VH) X ^ ^— T-TT , where m = :,— — j 

therefore 

2a; V(- 1) = 2y J{- 1) + log {1 + me'"'^-"^} - log {1 + ttw^^^c^)} 

= 2y V(- 1) - ^ {e'^^^"'^ - e-^^V(-^)} + ^ {e^ VH) _ e'^Vt-^^} - . . • ; 
therefore a; = y - w sin 2y + -n- sin 4y - -^ sin 6y + . .. 

300. To fi/nd the coeffidmt ofyi'' in the expa/nsion of e" cos bx 
in powers ofiL. 

Here e«cos5a; = Je«{6^V(-^) + e-^V(-^)} = ^e^»*M-^)}'+ ^e^"-*V<-^>K 

Expand these two exponential expressions by the exponential 
theorem; then the coefficient of a" is 

2|^^[{a + 6V(-l)}- + {a-V(-l)n 
Now suppose - = cos tf, - = sin tf, so that i^ ^a^ -^ 6*. 



EXPONENTIAL VALUES OF THE COSINE AND SINE. 237 
Thus the coefficient of x* becomes 

n 

= ^2|yt [^^^ ^* + V(- 1) si^i w^ + cos nO - v'(- 1) sin ne\ 

— ^cosntf. 

301. The series in Art. 298 may sometimes be of assistance 
in the solution of triangles. 

We have saii^=- sin -4 = - sin (i? + (7) ; 

hence, by the formula, 

^ = - sin C + -„-5sin 2(7 + -5-5 sin 3C+ ... 
a 2a' 3a 

If b be less than a the series is convergent, and if - be a small 

a 

fraction a few terms of this series may give ^ to a sufficient degree 

of approximation ; the series gives the circular measure of J5, and 

the measure in degrees or minutes or seconds may be deduced by 

Art. 22. 

302. Given two sides of a triangle and the included anglcy to 
find a series for the logarithm of the third side. 

Suppose a and h the given sides and the circular measure of 
the given angle; suppose h less than a, we have 

c» = a' + 6'- 2a5 cos (7 = a» + 6' - a6 {e^Vt-^>+ e-^v^-^^} 



= a»|l - ^^^>^-'4 {l - 1 e-'^V^-' j 
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thus21ogc=21oga + log{l-^6^VH)| + iog|l_^e^VC-^>} 

therefore log c= log a - - cos (7 - ^-^ cos 2(7 - x-i cos 3(7- ... 



2a* 3a» 



This series is convergent since h is supposed less than a, and 

- be small a f 
a 

of approximation. 



if - be small a few terms may give logc to a sufficient degree 
a 



EXAMPLES. 



1. Apply the exponential values of the sine and cosine to 

shew that 

sin -4 ^A 

r = cot -H- . 



1-cos^ 2 

2. If the sides of a right-angled triangle be 49 and 51, shew 
that the angles opposite to them are 43*^ 51' 15" and 46® 8' 45" 
nearly. 

3. If the angle (7 of a triangle be given, and the other two 
adjacent sides a, h be nearly equal, shew that the other angles are 
nearly equal to 

2 TT \a + h 2 d\a + b 2J ) 

4. In any triangle, if -4 — -5 be small compared with C, 

J = ^ + 2 ^^-^-sin B + (^^^—) sin 2^ nearly. 

5. If a and h be the sides of a plane triangle, A and B the 
opposite angles, then will log b — log a 

= cos2il -cos2.B+^(cos4il-cos4-B)+-(cos6il-cos65)+ ... 
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chapter;kxi, 



7. IfA+B V(- 1) = log {^ + »> Ji" !)}> sl^ew *^t 

tan jB = — , and 2 A = log (n* + m*). 

8. Reduce cos {$ + <f> J{-' 1)} to the form a + )3 V(- 1). 

9. Reduce sin {^ + </» ^{- 1)} to the form a + jS ^(- 1). 

^i 

10. Reduce {a + b ^(- l)}i'^M-> to the form a + jS J{- 1). 

11. Reduce {a+6^(-l)+c«V(-^)}^V(-^) to the form a-[-pJ{-l), 

12. Prove that 

{sin (a - ^) + e*«V(-») sin 0}' = sin""' a {sin (a - n$) + e*«V(-^) sin «^}. 



XXII. SUMMATION OF TRIGONOMETRICAL 
SERIES. 

303. To find the sum of the sines of a series of angles which 
are in cmthmetical progression^ 

Let the proposed series consist of the following n terms, 

sin a + sin (a + )3) + sin (« + 2jS) + . . . + sin {a + (n - 1 ) )3}. 

We have 



cos 



COS 



COS 



(a + 2)3)-cos^a + ^i3)=2sin-^8in(a + ^), 
(a + |^)-cos(a + |i3) = 2sinli88in(a+2)3), 
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Let S denote the sam of tlie proposed series ; then, by addition, 

C08(«-1^)-C08(a+^^) 



COS I 



therefore /S'=- 



1 o\ . «)5 



. / n-l \ . np 






304. To find tJie sum of the cosines of a serves of angles 
which a/re in arithmetical progressum. 

Let the proposed series consist of the following n terms, 
C08a + C06(a-f j8) + cos(a + 2j8) + ... +cos{a+ (n - l)j8}. 

We have 

sin U + 2 jS)- sin Ta- 2 /^) = 2 sin g j8 cos a, 

sin U + K iS) - sin f a + ^ j8 j = 2 sin ^ jS cos (a + )S), 

(a + |iS)-sin(a + |iS) = 2sinl^cos{a + 2j8), 



sm 



sin ^„ + ?!?2li ^) - sin (a + ?!?^ iS) = 2 Bin 1 j8 cos {a + (n - l)/3}. 
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Let S denote the pi*oposed series; then, by addition, 

(a + ^)8)-sin(a-l^) = 26'sinl^; 



sin ( a + 



sin 
therefore S= 



SrinJiS 



'("^^)' 



cos ( a + ^ itf ) sin -^ 






305. The series in Art. 304 may be deduced from that in 
Art. 303 by writing a + -^ for a; the sums of these series are re- 
quired so often in the solution of problems, that the student 
should be able to quote them from memory. As we have just 
intimated, if the first result be known it is sufficient, since the 
8eoond can be obtained from the first by changing mie into cositis 
in the first &ctor of the numerator. It will be seen that the 
results are obviously correct when w=l, and when n = 2; thus 
there is a test of the accuracy with which the formulae are quoted. 
The cases in which P = a may be specially noticed; we have then 

. w + 1 , na 
sin — -— a sm 'ir 

sin a + sin 2a + sin 3a + . .. + sin «a =a i , 

. a 
sms 



»+ 1 . na 
cos a sm -^ 

cos a + cos 2a + cos 3a + . i. + C0S7ia = 

. a 

sin — 

2 

306. We may now deduce the sum of the following n terms : 
Rina-sin(a + )3) + sin(a + 2jS)-... +(-l)'^'sin{a + (n-l))8}. 
T. T. 16 
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This series may be written 
8ina + sin(a + ^ + 7r)+siii(a4-2)8 + 27r)+...+sin{a + (w-l)(^ + 7r)}. 



"We have then only to change ^ into /3 + 7r in the result of 
Art. 303. 

Hence the required sum is (S + tt ' 



sm 2 



Similarly 
cosa-cos(a + jg) + cos(a + 2j8)-... + (-l)"''cos{a + (w-l)/?} 






. 5 + ^ 
sm-^ 



307. To find the mm of the following n terms, 
cosec X + cosec 2x + cosec ix + cosec 8a; + . . . + cose© 2""^ «. 

We have cosec x = cot ^ — cot «, 



cosec 2a; = cot x — cot 2a;, 



<5osec 2""' a; = cot 2""*« - cot 2"~* «. 
Let S denote the proposed series; then, by addition, 
^=cot|-cot2-"*«;. 

308. To find the sum of the following n terms, 

1 a; 1 ^ a; ^ x ^ 

tan »+g t«n 2 + ga*®'^^*"^ *•• ■*" 2^1 2^^ ' 
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We have tan x = cot x—2 cot 2ic, 



1 ' X \ X 

1, X 1 ^ X 1 ^x 
oitattoi = ^,^ot ~ --cot-5, 



1 XL XL X 

Let aS' denote the proposed series; then, by addition, 

1 X 

^"=2^1 cot 2^^- 2 cot 2x. 

1 X 1 B X 

The term ^^ co* ^^ = ~ cos ^ ^^^, where^=2^j; if we 



suppose n t© increase indefinitely, <5os^= 1, and ^. - a = 1. 



sini 



Thus the limit of the proposed series, when n is indefinitely 
increased, is --2 cot 2a:. 

.X 

309. Tojmd the sum of the folloming n tenne, 
sin a+ c sin (a + )8) + e*sin (a +5/?) + ... 4- c^'^sin {a + (n - 1)/J}. 

Let S denote the proposed series; substitute for the sines 
their exponential values, and let h stand for J[— 1); thus 

I 

I 

We have. now two geometrical progressions; thus 

16—2 
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therefore 

^y giu g - c sin (a ~ )8) - c'sin (a + np) + c*"^' sin {a -f (n - 1)13} 
^" l-2ccos/8 + c« 

If e be less than unity, then when n. is indefinitely increased 
c" and c""*"* diminish without limit; hence if c be less than unity, 
the limit of the proposed series when n is mdefinitely increa.sed is 

sin a — c sin (a - )8) 
1 — 2ceo«^ + c' 

Similarly we can shew that 

cos a+ ccos (a +/8) + c* cos (a + 2/8) + ... +c^"*co»{a + (n- 1)/S} 

cos g - c cos (g - )8) - c" cos (a + n/S) + e*"^' cos {a + (n - l)fi} 
7 l-2ccoB/8 + c' • 

This result may also be obtained from the preceding by chang- 

TT 

ing g into g + ^ . If c be less than unity the Hmit of the proposed 

series, when n is indefinitely increased, is 

cos g — c COB (g — )8) 
1 - 2c cos /8 + c* 

3.1 Q. To sum the infinite series 

c* <f 

c sin (g +'/8) + -— ^ sin (g + 2^) -^ .-« sin (g + S'jff]^ + . . . 
I.J jo 

Let S denote the proposed series; substitute for the sines 
their exponential values, and let k stand for ^(~ 1) j thus 

2;fe^=cc(«+^)ft+-^^«(*+^)*+ ^«(«+«^)»+ ... 
1.2 |t> 

1.2 [3 

_: «J> {««^ _ 1} _ e-<* {a--^ _ 1}. 
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Now e^ = cos/5 + A;sin)8, e-^ = cos jS - k an ^ ; 

ihtIS 2ifcS'=e««I•/J+*(a+tf•ia^)_gCO•^-*(«+c»m/5)_(ga*_g-aArJ 

= geow^ {g»(«+oiiii/5) _ ^ -*(a+c■m^)} _ 2Jt ain a; 
therefore S = «««*^ sin (a + c rin /5) — sin a. 

Similarly it may be shewn that the sum of the infinite series 

cco8(a + )^ + j— ^C08(a + 2i8) + |^C08(a + 3/?)4.... 

is 0^<^^co8(a + C8in)8)-cosa. 

This result may also be obtained from the preceding by chang- 
ing a into a + s- 

311. We shall not solve any more .examples of the summa- 
tion of Tra^nometrical Series; the student will find more exercise 
of this kind in the collection of examples for practice. In 
many cases the smmmation is effected by the artifice which is 
employed in Arts. 307, 308, by which each term of the pro- 
posed series is resolved into the d^lerence of two terms. Practice 
alone will give the student readiness in effecting such transforma- 
tions. If he cannot discover the necessary mode of resolution in 
any example, he will find no difSculty in recognising it when 
he sees the res^Ut of the summation given in the collection of 
answers. Thus, for example, required the sum of the following 
n terms: 

sec a see 2a + see 2a sec 3a + sec 3a sec 4a + ... + sec nasec (n + 1) a. 

The -result is cosec a {tan (ri + 1) a — tan a} ; and by puUing 
n = 1 tMe suggests the neeessary trcms/ormation, namely, 

«ec a sec 2a = cosec a {tan 2a — tan a} ; 

then, sec 2a sec 3a = cosec a {tan 3a - tan 2a}, 

and so on. 
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312. The student who is acquainted with the Differential 
and Integral Calculus, will be able to deduce numerous series 
from known series by differentiation or integration; and when the 
results are obtained they can frequently be established by more 
elementary methods. Thus, for example, differentiate both mem- 
bers of the equality established in Art. 308; then 

sec x + j,seG' ^ + ^^sec' ^, + ,.. >i^ ^^i^sec' :^^ 

= - oas^a cosec' 2""^ 03 + 4 cosec* 2x. 

Again in Art. 309^ put a= ^ ; thus 

sma . . „ • . o A » A 

= — ^ i, = sm a + c sin 2a + c sm 3a + c sin 4a + . . . 

1 — 2c cos a + c 

Integrate with respect to a; thua 

1 c tf* .c* 

- ^ log (1 — 2c cos a + c*) = cos a + ^ cos 2a + ^ cos 3a + -jcos 4a+... 

No constant is required"; for when a is zero both sides ace 
equal. 



examples: 

1 . Find the sum of n terms of the series 

sin' a 4- sin* (a + /3) + sin' (a + 2)S) + ... 

2. Find the sum of n terms of the series 

sin' a + sin' (a + )8) + sin' (a + 2/8) + ... 

3. Find the sum of t*. terms of the series 

cos* a + cos* (a + )S) + «os* (a + 2/3) + ... 

4. Shew that 
sm + sin 3^ + sin 5^ + ... to n terms 



tan nO = 



cos fl + cos 3^ + cos 5fl + ... to » terms ' 
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5. Sum to n terms tlie series 

costfcos(^ + a) + cos(6 + a)cos(^ + 2a) + cos(^ + 2a)cos(tf + 3a) + ... 

6. Shew that 

sin ^- sin 29 + sin 30 ~ ... to n terms __ n + l ^ 
cos^-cos2^ + cos3d- ... to 71 terms ~ 2 ^ ^' 

7. Sum to w termis the series 

sin (n + 1) tf COB 6 + sin (« + 2) tf cob 2d + ... 

8. Sum to 7» terms the series 

sin a sin 2a + sin 2a sin 3a + sin 3a sin 4a 4- ... 
and thence deduce the sum to n terms of the series 
1.2 + 2.3 + 3.4: + ... 

9. Sum to n terms the series 

sin 3^ sin d + sin 60 sin 2^ + sin 126 sin4tf + ... 

Sum to infinity the following series contained in the examples 
from 10 to 16 inclusive: 

-lA ^ coaO -. cos' 6 ,^^ cos" 6 .^ 

10. cos tf + -Y-cos26 + -^-^co^36 + — r^cos46+ ... 

.. sin 26 sin 3d 

11. s,^^___^__.... 

,^ , 008 26 cos 46 

13. 2'cos 6 + 2 cos' 6 + g cos* 6 + jcos* 6 + ... 

. sin 26 cos* 6 sin 36 cos* 6 

14. sin6cos6+ =— ^ — + To +... 

. ^ sin6 „^ sin* 6 «^ 

15. sin6 + ^i— cos26+-Y-^cos36+... 

Shew that cos 6 -^cos26 + gCos36- ... =log ^2 cos ^j. 
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17. Shew tliat cos 20 + ^ cos 6tf + - cos 10^+ . .. = ^ log (cot 6). 

18. Shew that 

. - aj" sin 2^ a? sin 3^ ^. /cosec 6 ^ A 
ajsm^ ^ — + ^ = cot ( + cot^j. 

19. Shew that 

l0gC0stf+l0gC0S^ + l0gC0S^3+...=:l0gr^^j. 

Sum the following series to n terms contained in th» exam- 
ples from 20 to 33 inclusiye : 

20. Bin^fsin^J +2sin^(sin2J +4smj/sin-J + .., 

c. ^ 

21. tan^ sec + tan -r sec ^ + tan ^ sec 7 + ... 

22. cot e cosec tf + 2 cot 20 cosec 20 + 2" cot 2^^ cosec 2'tf + . .. 

23. . .\ ..... ^ 1 



sin0sin20 sin2$sin30 8in3^sin4^ 
o>i 1 1 1 



sindcos2^ cos2^sm3^ sin3^cos4^ 

25. tan"* -z — = — =-j + tan~* -^ — ^ — ^, + tan"*^; — 5 — — + . 
1 + 1 + 1' 1+2 + 2* 1+3 + 3" 



26. tan~*a + tan~*.i — =—5 — - +tan"*= — ^ ^ ^ ->- — 
1 + 1. 2. aj* 1 + 2. 3. «■ 

n^ . • n . a . 3a . a . 3a 

J7. sinasinSa + sin^sin -7r- + sm jT^sin -^ + ... 

28. 1 ' , 1 1 

cos ^ + cos 3d cosd + cos5tf costf + cos7d '" 

on sintf sin 2d sin 3d 



cos2d + cosd cos4d + cosd cos6d + cosd 



+ ... 
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31. cot'* {2a'^ + a) + cot"' (2a-* + 3a) + cot"* (2a-* + 6a) 

+ cot-*(2a-* + 10a) + ... 

32. ^8ectf + ^sectfsec2tf + ^sec5sec2tf8ec2*tf+... 

33. ^logtan2tf + 55logtan2'^ + ^.logtan2"tf+... 

34. An equilateral polygon is inscribed in a circle and from 
any point in the circumference chords are drawn to the angular 
points; find the sum of the squares of the chords and the sum of 
the fourth powers of the chords. 

35. Circles are inscribed in triangles, whose bases are the 
sides of a regular polygon of n sides, and whose vertices lie in 
one of the angular poiifts; shew that the sum of the radii of the 
circles is 

where r is the radius of the circle circumscribing the polygon. 

36. Circles are inscribed in triangles whose bases are the 
sides of a regular polygon of n sides and whose vertices lie in one 
of the angular points; shew that the sum of the areas of the 
circles is 

where r is the radius of the circle circumscribing the polygon. 

37. Shew that if » be a positive integer 

(n + l)nsintf + 7i(»-l)sin2tf+(w-l)(w-2)sin3^+...+2.1sinwtf 

= -^ cot 2- J cosec'^ jcos-^ - — -' 



-cos- 
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XXIII. EESOLUTIOlSr OF TRIGONOMETRICAL 
EXPRESSIONS INTO FACTORS. 

313. It is known from treatises on the Theory of Equations 
that the expression a;" — 1, where w is a positive integer, can be 
resolved into n factors, each of the form x-^a, where a is either 
a real quantity or an expression of the form a + /? J{- 1), where 
a and )8 are real; and there is only one such set of factors. We 
proceed now to resolve the expression a;"— 1, and some similar 
expressions, into component factors. The factors of the expression 
a;" — 1 are found by solving the equation a;" - 1 = ; every root of 
the equation a determines one factor of the expression, namely 

314. To resolve x —1 into factors. 

The expression cos ± J(— 1) sin — , where r is any in- 
teger, is a root of the equation a?" = 1 ; for the w*^ power of this 
expression is by Be Moivre's Theorem cos 2rw ± ^(— 1) sin 2r7r, 
that is 1. First suppose n even. If we put r = we obtain a 

real root 1, and the corresponding factor is a;— 1; if we put r = ^ 

we obtain a real root — 1, and the corresponding factor is 05 + 1. 

If we put for r in succession the values 1, 2, 3, . . . « ~ ^ ^® 

obtain n — 2 additional roots, since each value of r gives rise to 

two roots. These roots are all different, for the angles are less 

27*ir 
than fl- and all different, and thus cos — cannot have two co- 

n 

incident values. 

Therefore a;" - 1 = (aj - l)(a? + 1) P, 
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where F is the product of « - 2 factors ohtained by ascribing to r 

in succession the values 1, 2, 3, ... ~- 1 in the expression 

2nr .. . . 2*^ 
aj _ cos — T J\- 1) sm . 

The two &ctors 

2r7r „ ,x . 2rTr . 2r7r *, -v . 2nr 
a? -cos ^(-l)sin ; and « — cos + ^(— l)sin , 

produce by multiplication the possible quadratic factor 



( 



27^\* . g 2f7r , 27*ir 

X — cos 1 + sin , that is, a?' — 2x cos + 1. 

n / n n 



Hence when n is even 
a;^-l = (a;~l)(a+l)^aj'-2aJCOS^+lVa;«-2a;co3^+iy.. 

.,.|^«.2a.cos(^^ + l}{a.'-2a:c^^ 

Secondly, suppose n odd» The only real root of iB"=l is 
now 1 ; the other n-1 roots are obtained by giving to r in suc- 

cession the values 1, 2, 3, ... — ^— in the expression 



2»^ /./ IV . 2r7r 
cos — «fc;y(-l)sin . 



Hence when n is odd 



K*- 1 = (a;- 1) ^aj'-2aJC0s^+ iya:'-2aJcos^ + iV .. 



315. To resolve x"* + 1 into factors, 

r«, . 2r + l „ - 

The expression cos w ± ,J{— J 

any integer, is a root of the equation a;" = - 1 ; for the n^ power 



The expression cos — ir ± J{- 1) sin ^ - ^, where r is 



252 BESOLUTION OF TRIGONOMETRICAL 

of tliis expression is cos (2r + 1) rr ± ^(- 1) sin (2r + 1) tt, by De 

Moivre's Theorem, that is, — 1. First, suppose n even ; there is no 

real root of the equation a;* = — 1 ; the n roots . are all imaginary, 

and are found by giving to r in succession the values 0, 1, 2, 3, ... 

» T . ., . (2r+l)ir, ,, -. . 2r+l 
•5 — 1, in the expression cos ^ '— * J(-^ 1) sin v, 

m. i^ r X ^r-fl ,, ,. . 2r+l 
The two factors, a; — cos » — \/(~ l)su^ w"* 

J 2r+l ., -. . 2r+l • 

and a; ~ cos ir + Ji- 1 ) sin w, 

n n ' 

produce by multiplication the possible quadratic &.ctor 

/ 2r+l V . ,2r+l ,^ , . . « 2r + l 
(a?- cos v] +sin" «-, that is, ar - 2a$ cos ir + l. 

' Hence when n is even 
a"+l =ra^-2a5C08- + lVa*-2a5Cos — + lV^ 

... raj*-2acos^?^^^ir+lYaj"- ir + lV..(l). 

Secondly, suppose n odd. The only real root of af = — 1 is 
— 1 ; the other n - 1 roots are obtained by giving to r in succes- 

sion the values 0, 1, 2, 3, ... —jr— in the expression 

(2r + l)Tr ,, -. . (2r+l)ir 
cos ^ L-^Ji-. 1) sin i '— - 

Hence when n is odd 
aj- + l = (a; + l)/aj*-2a;eos^+lVa«-2a:cos^4.iy.. 

...raj*-2aJC0S^^^ir + l jraj"-2a:oos^!^^^^ ir+lj (2). 

316. The four formulse established in the two preceding 
articles aie idmtically true; we may deduce many particular 
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results by supposing particular values assigned to x. Thus in (1) 
of Art. 314, divide both sides by a?- 1 ; the quotient on the left- 
hand side will be ar* + «r'+ ... +a?+l. Now put a=l; thus 
when n is even 

"=^('— ^■— ^■•■('—••i-'')(>-«-"-^'»). 

and by extracting the square root 

The positive sign af the radical must be taken on the left- 
hand side, because the right-hand side is obviously positive 

Again, in (2) of Art. 314, divide both sides by aj-1, and 
I afterwards put «= 1 ; thus wken n is odd 

and by extracting the square root, 

, . "^* . X . 2ir . w-3 , w-1 
Jn = 2* siB-sm — ...sm-jr — Trsm -^r — tt (2). 

Again, in (1) of Art. 315, put «= 1 j thus when n ia even 
J.^(,-CO.rXl-".^)...(>— "-^'.)(.-0C.5^.); 

and by extracting the square root, 

t ft^ . tf . 35jr . n — 3 . » — 1 ._. 

1 = 2^ am ^^^am^... am — . Bin ^^. (3)- 

Agwn, in (2) of Art 315, put «« 1 j thus when n is odd 
2 = 2^(l-co8r)(l_co8^)...(l-cos^.)(l-cos^.); 
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and by extracting the square root, 

1 = 2* sin Tj-sm ^r- ,,.8m—= — Trsin-Tr — tt (4). 

Four other results may apparently be deduced from the four 
formulffi of the two preceding articles by putting « = — 1 ; but it 
will be found on trial that these results do not differ really frona 
those already deduced. Thus, for example, in (1) of Art. 314, 
divide both sides by a? + 1, afterwards put a; = — 1, and extract 
the square root; thus when n is even 

, ^^ TT 27r w-4 n-2 

Jn = 2* cos -cos — ...cos-^— itcos-^t — iri 
n n Zn Zn 

this however is the same result as that in (1) of the present ai*ti- 
cle, the factors on the right-hand side being merely differently 
arranged; for 



TT , n — 2 27r .w — 4 

cos - = sm —^ — TT, cos — = sm — r — i 
n 2n n 2n 



-^ TT, cos = Sin-;7 TT, 

2n n 2n 

317. To resolve x*" - 2x^ cos 5 + 1 into factors. 

If cos 6 = 1 the expression becomes (as" — 1)*, and if cos 5 = — 1 
it becomes (af + 1)*; in these cases the resolution into factors is 
effected by what has already been given in Arts. 314 and 315, and 
we will therefore suppose these cases excluded from what follows. 
If we put 

a*" - 2af cos ^ + 1 = 0, 

we obtain aj" = co3 5± ^(~ 1) sin»d; hence a is an n*^ root of 

cos tf + ^(- 1) sin tf ; the n**" roots are found from the expression 

2rTr-\-0 „ ,^ , 2rTr+0 , .,.'.. , , . 

cos * ^(- 1) sm by ascnbmg integral vames to r, 

for it is obvious from De Moivre's Theorem that the r^ power of 
the last expression is cos (2r7r + 0)^ J{- 1) sin (2rir + 0), and if r 
be an integer this reduces to cos tf »»= J{- 1) sin 6. If we ascribe 
to r in succession the values, 0, 1, 2, ... w-1 in the expression 

cos i ^(- 1) sin we obtain 2n dj^erent values for 

w n 
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the expression. For i£ r=p and r=^q could give the same value 
to the expression we should have 

2pir + ^ ,, ,. . 2p7r+$ 2q7r + , ,, . 2qir + 9 

cos ^?l__±^(-l)sm-^^l- = cos-^4— d=^-l)8in-l^!-^; 

now by Art. 93 we cannot have cos -^ — = cos -^ and 

n n 

. 2pTr-{-e . 2q7r-¥e ., . , . ., , , 

sm = sin -^ : it is also impossible that 

2pv+e 20^-^0 , . 2pw-^e . 2q'!r+e 

•COS -^ = cos —^ and sm -^ = — sm — , 

n n n n ' 

for that, by Art. 94, would require — +— to be a multi- 
ple of 2w, so that would be a multiple of ir, and this value of 
has been expressly excluded above. Thus we obtain 2n different 
values of x. Also the two factors 

2r7r+$ ,, ,v . 2r7r+e 2nr+0 ,, ., . 2nr+^ 
o^—cos ^(-l)Bin , a;-<cos +*/(-l)sm 

give by their product the real quadratic factor 

(a?--eos — : -) +sin" , Ihat is, a*-2aJCOs +1. 

Thus ic*'-2arcos6 + l 
/ 

= Tfic*- 2a;cos- +lj(x*- 2a; cos — + l){i»'- 2a; cos — — + iM 

.■■{»'-2.COS<^"-^-^•^^l}{.^-2.C08<^"-^)'^^l}. 

318. We shall now deduce some important results from the 
preceding general theorem. Suppose x = l; then 

2(l-cos'<?) = 2-(l-cosJ)(l-coB^)(l-cosl!!^^... 

A 2mr-2ir-{-0\ 
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Let 0=2ntf> and «- =«j exti-act the square root; thus 

dbsin 71^=2""* sin <f> sin (2a + (p) sin (4a + ^) sin (27ia — 2a + ^). 

We shall now prove that the upper sign must always be taken 
on the left-hand side. First, suppose tf> to lie between and 2a ; 
then every factor on the right-hand side is positive, and so is 
sin w^. iN'ext suppose ^ to lie between 2a and 4a ; then every 
fiictor on the right-hand side is positive except the last, and 
sin n<fi is negative. iN'ext suppose <^ to lie between 4a and Qol, 
then every factor on the right-hand side is positive except the last 
trvoy and Bmntj) is positive. By proceeding in this way we see 
that for every value of <^ between and 2wa, the upper sign mtbst 
be taken, so that we have /or <dl valines of ^ between and ir 

sin n<^ = 2""' sin <^ sin (2a + <^) sin (4a + <;^) sin {2na —2a + <f>). 

We shall next shew that this formula is true for all values 
of <^; for suppose <t> = 7mr + \l/ where m is any integer, positive 
or negative, and i/r is between and tt; then we know that 
sin wi/r = 2""* sin ij/sm (2a + i/r) sin (4a + ij/) sin {2na - 2a + i/r); 

but sin nij/ =sin (n^ - nimr) = sin n<^ cos nmw = (- 1)"** sin w<^, 

sin ?/r = sin (<^ - mir) = sin <^ cos mir = (- 1)"* sin ^, 
sin (2a+i/r) = sin (2a+ <^-77i7r)=sin(2a+^)cosmTr=(- l)"sin (2a+ <^), 
and so on. 

Substitute these values of sinwi^, BiTufr, sin(2a + i/r), in 

the formula which expresses sin nif/ in factors ; then divide both 
sides by (-r-l)""* and we obtain the required formula for sinn^, 
whatever may be the valoe of <f>. 

In the expression for sin w^ change <^ into <^ + a ; then «^ is 
changed into ^ + o : hence 

COS »<^ = 2-* «in («^ + a) sin (^ + 3a) sin (^ + 5a)... sin (27ia- a + «^). 



EXPRESSIONS INTO FACTOitS. 257 

In the last result put ^ = 0; thus 

1 = 2"~*8ijiaBin3aBin5a Bin(2na — a), 

where a = 2^- . 

2n 

Again we have 

?^?-?^ = 2"-* sin (2a + ^) sin (4a + ^) sin (2na - 2a + <;^) ; 

now let 4> diminish without limit : then since the limit of —. — - 

sin0 

is n we obtain 

w = 2""' sin 2a sin 4a sin 6a sin {2na — 2a). 

These two formulae are sometimes useful. 

319. The expression for sinw^ in Art 318 may be put into 
a different form; for 

sin {2na - 2a + <^) = sin (w-2a + <t>) = sin (2a - <^), 
sin (27ta- 4a + <^) = sin (tt - 4a + </>) = sin (4a - </>), 
and so on. 

Then by multiplying together the second factor and the last, the 
third and the last but one, and so on, we have 

sin ntj) = 2""* sin <^ (sin* 2a — sin* <(>) (sin* 4a — sin'^) . . . 
It will be necessary to examine separately the cases when n is 
even and when n is odd. 

First suppose n even ; then the factor sin (na + ^), that is, 
cos ^, will occur without any factor to multiply it ; hence if w be 
even, we have 
sin n<l> = 2""* sin <^ cos <^ (sin* 2a — sin* <;^) (sin* 4a ~ sin* <^) . . . 

. . . {sin*(w - 4) a - sin* </>} {sin* (w - 2) a - sin* <f}}. 
Next suppose n odd; then we have 
sin n<l> = 2"""* sin <^ (sin* 2a - sin* <^) (sin* 4a - sin* <^) . . . 

. . . {sin* (w - 3) a — sin* <^} {sin* {n — Vja — sin* <j^}. 
Similarly from the formula 
cos w<;^ = 2""^ sin {<f} + a) sin (<^ -f 3a) sin (<^ + 5a) ... sin {2na - a + <^) 
T. T. 17 
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we obtain if n he even 

cos n<li = 2""^ (sin* a — sin' <^) (sin* 3a — sin* <t>) ... 

... {sin* (ti — 3) a - sin* <^} {sin* (n—l)a — sin* <^} ; 
and if w be odd, 
cos n<l> — 2""^ cos <^ (sin* a — sin* if>) (sin* 3a ~ sin* <^) . . . 

. . . {sin* (n - 4) a - sin' <^} {sin* (n - 2) a - sin* <f>}. 

320. "We can now resolve aiaO and costf into their fectors. 
Suppose n<t>=6 and that n is odd; then by the preceding article 

sin ^ = 2""* sin -(sin* 2a - sin*- ) (sin* 4a - sin* - ) . . . 
n\ nj\ nj 

Q 

divide both sides by sin-, and then diminish 6 indefinitely; since 

the limit of sin ^ h- sin - is n we obtain 
n 

w = 2"-' sin* 2a sin* 4a...; 

therefore by division, 

^ / sin* - 

sin ^ = 71 sin - 1 1 — ■. u ^i 
n\ sin'2a 

Now suppose n to increase without limit; then since a — — 

2n 

. . 

sm- ^ sm- ^ 

the limit of . ^ is - , the limit of ■■ . . is jr- , and so on : 
sin2a tt' sin4a 2ir ^ 

thus finally, 

»..=«(.-5(l-^)(l-3^)... 

We shall obtain the same result if we begin by supposing n even. 
Similarly we may shew that 
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321. In the same way as oaT — 2x* cos $ + 1 was decomposed 
in Art. 317 we may decompose a;*" — 2a;" a" cos ^ + a*", and each 
quadratic factor of the last expression will be of the form 

a:*— 2xa cos + a', where r is an integer; and all the factors 

are found by giving to r in succession the values 0, 1, 2, ... n—l. 

. , 2(7i-l)ir + ^ 27r-^ 2(n-2)v+0 4.7r-0 

And cos — ^ = cos , cos — ^ = cos , 

n n n n 

and so on ; thus all the factors will be found if we take 

x^ — 2xa cos + a', and use both signs and give to r in suc- 

n— 1 
cession the values 0, 1, 2, ... up to — ^ — if w be odd, and up to 

5 if 7i be even ; in the latter case when r = ^ we must take only 

one factor a;' — 2a5a cos + a*. 

n 

Now suppose a? = 1 + ^ , and a = 1 — — ; thus 

is the expression to be decomposed into factors j and the general 
form of the factors is 

(-£)'-0-£.)«"^^(-i)' 

that IS, 4 sin' — ^ 1 1 + -r-s cor —r ] . 

2n \ 4w 2n J 

Suppose n to increase indefinitely; then 

17—2 
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also 
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cot' 



^2rTr^e 



and by putting z—Q^e obtain 

4 sin*-^ = 4 sm' ^r- 4 sm --. 4 sin' — ^r — ... ; 
thus finally 

Other examples of a similar kind may be seen in the sixth 
chapter of the third volume of the treatise on the Differ efrUial and 
Integral Calculus by Lacroix. 

322. De Moivre 8 property of the Circle, Let be the centre 
of a cii-cle, P any point within it or without it ; divide the whole 




circumference into n equal arcs BC, CD, DE, ..., beginning at 
any point B, and join and P with the points of division 
B, (7, D, ... Let POB = ^; then will 

OP^ - 20P^ . OB" cos nO + 0J5^- = PB" .. PC . P2>". . . to n factors. 
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For PB' = 0P'^20P. OBcosO + OB', 

FC' = 0F'--20P. OC cos (o + ^\ + 0C\ 

PD'^0P''-20P, ODco8(o + ^\ + 0D\ 



and the radii 0J3, OC, OB are all equal. 
Thus, by Arts. 317 and 321, the product of all the terms on 
the right-hand side of these equations is 

OP^-WF'.OPrc^nQ + OB^', 
this proves the proposition. 

The particular case when P is on the circumference may be 
noticed; then 

20^ sin -5- = PB.PC. PD ... to w factors. 

Cotes^a properties of the Circle. These are particular cases of 

De Moivre's property of the circle. 

Let OP produced if neces.sary meet the circle in A, and sup- 

27r 
pose AB =^ BC = — : then nO = 27r. Thus we obtain 
. n 

{OP^^ OB'y = PB\PC. PB' ... to n factors; 

therefore OF''-OB^ = PB, PC .PB .,. to n factors. 

Again, let the arcs AB, BC, ... be bisected in a, 6, ... ; then 

by the theorem just proved, 

OP'^'-OB'"'=^Pa.PB.Pb,PC.,. to 2n factors; 

therefore by division, 

OP'+OBr==Pa,Pb. Pc ... to w factors. 

323. It is usual in works on Trigonometry to give a brief 
though unsatisfactory demonstration of the results of Article 320 
in the following manner. 

Since sin^ vanishes when^ = 0, or±w, or «fc2w, ,.. it follows 
that sin mttst be divisible by 6, 6 + Try - ir, O-h 27r, — 2ir,,.. ; 
therefore toe may assume tliat 
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sin (9 = ^^ (^ - tt) (^ + tt) (^ - 27r) (^ + 27r) (^ - Stt) (6> + Stt). . . 
where A is some quantity independent of 6 ; thus we may 
suppose 



sin 



«-«'('4)('-a(-^) 



where a is also some quantity independent of 6. Divide both 
sides by and then suppose ^ = ; thus a = 1, and consequently 

Again, since cos^ vanishes when ^ = ±-, or =t-— , ... ie 

o 

follows that cos 6 nrnst he divisible hy — - , ^+o) ^ — s^> 

J la J 

^ + — , ... therefore we may assume that 

««'-(«-l)(»-i)(^4)('4)(*-¥)(«*T)- 

where A is «ome quantity independent of B \ thus we may 
suppose 

^*„(,-i«;)(:-^)(.--)... 

where a is also some quantity independent of ^ j and by putting 
^ = we find a = 1; thus 



cos 



-(•-'^0-^)0-.^.)- 



The portions of the preceding investigations which are printed 
in italics involve assumptions which cannot be considered legitimate. 

324. It has been stated in Art. 169, that the tables of the 
logarithms of Trigonometrical functions can be calculated without 
the use of the tables of the Natural functions ; we will here briefly 
indicate how this may be effected. We have 

-'-"O -?)('- 59) (l- 3^) -^ 
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put — - for 6 and take logarithms ; thus 
logsm- -=log-+logg+log(^l-— .j 

The terms in the last line may be expanded by Art. 145 in 
series which will converge with sufficient rapidity ; thus we shall 
have if ft. denote the modulus 

log sin — ^=logir+logw+log(27i+m) + log(27i-w)-3(log2+logn) 

/111 \m* 

JM/l 1 1 \w* 

_/x/l 1^ 1 \m^ 



m rr 



Similarly we may find log cos — ^ . (Airy's Trigonometry,) 

325. We will now make a few remarks on the symbol J{—l)i 
which has been used very often throughout the latter portion of 
this book. We may consider that the symbol has been used in an 
experimerUal manner, and many results have been obtained by 
means of it j the point now to be considered is how far these 
results can be received as true. 

In the first place, some of the results obtained by using the 
symbol J{-\) may be shewn to be true by other methods ; thus, 
for example, the values obtained for sinw^ and oo^nS in Art. 269 
may be verified by induction. 

Again, the following example will shew how in some cases 
a strict demonstration may be obtained even with the use of 
the symbol ^/(-l). Let w be a positive integer, and suppose it 
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required to expand cos* 6 in terms of cosines of multiples of ; 
we may proceed as we did in Art. 280, supposing x to stand 
for e*^<"^). Now we know that 

(e* + 6-7=6*^+ e-"»+ n {e<-»»+ 6'^""^}+ '^(^"^^ {^--^y^ + e-^"-'»}+. . . 
- n'y' n*y* nV 

"^^1.2^ li l^ 

^"^r^ 1.2 ^ [4 ^ [« ^v-/ 



Now this is true for all values of y, that is, if all the opera- 
tions indicated be performed, the two members of the equation, 
are identically equal. We may therefore put -- $' instead of j/% 
and the result will still be true. Thus 

C 1.2 [4 -J V 1.2^ [4: - 

( ( n-2re^ {n^2ye^ ) 

^""r 1.2 ^ [4 •••/ 

+ 

Thus 2"-'cos"^ = cosw^ + wcos(w-2)^+ 

(Airy's Trigonometry,) 

Finally, the student may be informed that a theory has been 
constructed which offers a complete explanation of the symbol 
Ji" l)j Mid thus enables us to obtain rigid demonstrations by the 
use of this symbol. It is not consistent with the plan of the 
present work to give any account of this theory; the student, 
however, is recommended hereafter to read the Trig(mometry and 
Double Algebra of Professor De Morgan. 
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1. Find the sums of the following infinite series : 



111 

2« ■*" 3" + 4» 



(1) Y'^I'^Z-'-T''-' 

/ON 1 1 1 1 

(2) p+3-. + ^. + 7.+ .- 
when n = 2 and when n = 4. 



2. If a = -r- , shew that 

4n 

sin a sin 5a sin 9a sin (4w- 3) a = 2"""^^. 

3. A polygon of n sides inscribed in a circle is such that its 
sides subtend angles a, 2a, 3a, ... na at the centre; shew that the 
ratio of the area of this polygon to the area of the regular 

inscribed polygon of n sides is equal to that of sin — to w sin ^^ . 

4. The product of all the lines that can be drawn from one 
of the angles of a regular polygon of n sides Inscribed in a circle 
whose radius is a to all the other angular points is na*~\ 

5. If jOj, Pai'-'Pa^^D Pan ^® *^® perpendiculars drawn from 
any point in the circumference of a circle of radius a on the sides 
of a regular circumscribing polygon of 2n sides, shew that 

a" 
PxPzP,"'P^-^i-^P2Pa"'P,^=' ^^' 

6. A polygon is described about a circle touching it at the 
angular points of an inscribed polygon; the product of the perpen- 
diculars drawn to the several sides of the. inscribed polygon from 
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any point iu the circumference of the circle is equal to the pro- 
duct of the perpendiculars drawn from the same point to the 
several sides of the circumscribed polygon, 

7. Prove that sin ^ cos ^ = 8 sm ^ sm' -— — sm — ^ — . 

iS iS 4 4 

8. Prove that 



20 
3 



( cosec' ^ - sec' ^ j tan :^ = (tan* ^ cosec" ^ - sec* ^ 1 cot 

9. Prove that 

tan 30 - tan 2^ - tan 5 = tan 30 tan 20 tan 0. 

10. Find X from the equation 

tan* X + cot* x = m^ — 3m. 

11. The circumference of a circle is divided into 2n equal 
parts in the points A, F, Q,,,., Tangents are drawn at the points 
Ay P, Q,,,. and perpendiculars OA, OB, 00, ... are let fall upon 
them from the extremity of the diameter OA. Shew that 

OA'-^OJB' + OG'+ = 3«(radius)M 

12. ACB is a quadrant; AF, AQ, AR are three arcs in 
ascending order of magnitude^ each being less than AB, and 
their sum equal to twice AB -, radii OF, GQ, OR are produced 
to meet the tangent at -4 ixi p, q, r, and a triangle is formed 
with Ap, Aq, Ar, Find the condition that this may be possible, 
and the inferior limit of Aq and the superior limit of Ap, Prove 
also that in all such triangles the radii of the inscribed and 
circumscribed circles are inversely proportionaL 

13. ABOia a right-angled triangle, being the right angle, 
B is the point in which the inscribed circle touches BO, and F the 
point in which the circle drawn to touch AB and the sides GA, GB 
produced meets GA; shew that if BF be joined the triangle FBG 
is half the triangle ABO. 
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14. Through the angular points of a triangle lines are drawn 
bisecting the exterior angles. If S be the area of the original tri- 
angle and jS^ that of the new triangle, shew that 

cr/ 1 cr ^ ^ 

/b =s ^ o cosec ^ cosec — cosec ^ . 

15. A BCD is a horizontal straight line. . From a point imme- 
diately above D the known distances AB and BO are observed to 
subtend the same angle a. If AB = a and BG= 6, shew that the 
height of the observer*8 position above D is 

2a5(a + 6)tana 
(a-6)* + (a + 6/tan'a' 

16. If in any arc not greater than a quadrant a point be 
taken, and from this point two lines be drawn, one to the ex- 
tremity of the arc, the other perpendicular to its chord and 
terminated by it, prove that the sum of these two lines is less 
than the chord of the arc. 

17. Suppose a the angle of elevation of a cloud, )8 the angle 
of depression of the image of the cloud seen by reflection from 
a lake, h the height of the observer's eye above the lake, then 
the height of the cloud is 

A8in()8 + a) 
sin (^ — a) 

18. At noon a person standing on a cliff h feet above the 
level of the sea, observes the altitude of a cloud in the plane 
of the meridian to be a and the angle of depression of its shadow 
on the surfisice of the water to be y3 ; shew that, if y be the sun's 
altitude at the time of observation, the height of the cloud above 
the surface of the water will be 

h sin y sin (a + jS) 
sin ^ sin (y -f a) ' 
the sun being hehirtd the observer when he is looking at the 
cloud. 
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ANSWERS. 

I. IL IIL IV. V. 

I. page 6. 1, 18", IV. 2. 15", 45". 3. 30", 15». 

4. -00945. 5. ^', ^. 6. 2J. ^ 7. 3-. 

8. One polygon has 8 sides, and the other 12 sides; so that an 
angle of the first is f of a right angle, and an angle of the second 
I of a right angle. 10. The ratio is that of 5 to 162. 

II. pages 13, 14. 2. -j^^ x J^. 3. -n-x -00505. 4. 27^ 9^ 18^ 

4U TT 

5. ~, 28"-125, 31^-25. 6. 40^ 60^ 80^ 7. 30^ 60^ 90^ 

III. pages22,23. 6. ^ = g._J. 5> = or |. 8.?=gOr|. 

9. B = \. 10. e = ~or^. 11.^ = 45^ ^=15^ 

o 4 

IV. page 41. 1. The same as for an angle of 225®. 

2. The same as for an angle of 330". 3. The same as for an 

angle of 210^ 4. The same as for an angle of 300®. 

5. 45®, 225®, 405®, 585®, 765®! 

6. 45®, 135®, 225®, 315®, 405®, 495®, 585®, 675®, 765®, 855®. 
7 1^11^^2 1 ^3 1 V3 

9. We have sin ^ = — cos 0\ therefore ^ = 135®, <fec. 

10. cos ^ = - i ; therefore = 120®, <fec. 14. No. 





V. page 49. 


1. mr-h--. 
4 


2. {2n + ^)w. 




3. 2n7r. 


4. 


2«- 


5. W7r±a. 


6. n.^^. 




7. WTTsfcO. 


8. 


IT 

W7r± 7. 
4 


9. ww±a. 


10. W7r±g. 


12. 


77r 

2n^+^. 
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VI. page 61. 31. ^ = wtt ± - . 32. ~ = nir or — = (rn- ^)7r. 

33. 3e = 7nrorie = 2nir^~. 34. ^- j = 2wir± ^ . 

-TT 27r 

35. $ = mrOTmr^-. 36. 2^ = (7H- J)ir or ^ = 2w7r±-- . 

37. 20 = n7rove=^2mr^^~. 38. 2^ = nir + (- 1)" g . 

39. ^=(w + i)7ror45 = n7r+(-l)-^. 40. tf + ^ = wr±^. 

YII. pages 68—70. 2. 2 cos - = ^(1 + sin A) - J{1- sin A), 

3. 2 sin -^ = - ^(1 + sin ^) - ^(1 - sin ^). 

4. 2mr + — and 2mr + ,- . 5. 2mr + -— and 27i7r + — . 

4 4 4 4 

6. 2n7r-^and2n7r + ^. 10. L H. _^^?zi. 

4 4 2 2 ^2 

irt->^ .3 , . S .4 

12. sin4 = ±-^, cos-d=±^; orsin-d=±p, cos4 = :t=-. 



13. ^3-2. 26. dbl. 27. 4. ^ 28. -J. 

VIII. pages 77 — 79. Example 20 may be deduced from ex- 
ample 16 by changing A into ^ (ir — A) and making similar 
changes for JS and C ; example 21 may be deduced from ex- 
ample 17 in the same way. 
cos X — cos a sin' a cos P 



38. 



cos X — cos P sin* /3 cos a ^ 



^ sm jScos a — sm acos /8 cos a + cos/? 

therefore cos aj = - . ^^ r-5 77 = -^ r, : 

sm p cos a - sin a cos p 1 + cos a cos p 

XI i! J 1 - ^^s a; Q^ tan* ^ tan* a ., . . 

then find ^ . 39. 7— < /»/ = . — r— / J tl^at is> 

1 -t- cos a; tan* ^' tan* a 

cos 3— COS a cos iS — cos a' tan" a ^. . 

— n ^ r , - - = - — —-7 : therefore 

cos a cos a tan a 
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COS 3 — COS a sin' a cos a' ^ sin' a' cos' a — sin' a cos' a 
COS P — cos a' sin* a cos a ^ ^ sin' a cos a — sin* a cos a 

cos a + cos a' 



cos a — cos a — cos a cos' a' + cos a cos' a 1 + cos a cos a ' 

.- ^ .l-cosiS .Q -. ^ 2tani<^ - ^ . ., 

then find ^ ^ . 48. Put -. — — -fr-j for tan <h : then 

1 + cos)8 l-tan*^</» ^^ 

solve the quadratic; thus we shall find 

^ , ^ (cos ^ + sin ^') =*=(!+ sin ^' cos ^) 

tani<^ = — ^ . ' ^ ^ ^j 

* ^ ^^sin ^ cos ^ ' 

the lower sign gives the reqxiired result. The upper sign gives 

_cot|cotg-D. 

52. By Example 23, page 77, we get cos ^ cos ^ cos (7 = 0, so 
that one of the three angles is a right angle. 

IX. pages 90, 91. 

w-l 



O' n( ^^- i+^tan'<^*"y(wtan«^)-, 



the greatest value of this is when the first term of the de- 
nominator vanishes. ^ ^ . ^ . « ^ + <^ 

6. 2sin^sin' — — ^. 

8 . The height in yards = 1 7 60 x tan 1' = nearly. 

3 1* 3 IT 

9. Let X be the distance, - = tan — : thus - = ^rr^ — r nearly. 

' X 4 ' a; 180 X 4 -^ 

10. Wegetsin^ = ±J^(3-7i). 12. 6. 16. 8. 

17. tf-j = 27im 18. ^ + ^ = 2n7r±^. 19.'^^20=2n^^e. 

20. ^ = W7r + ^or2e = 7i,r + (-l)-J. 21. ^ = ^^ or 

--~=2nir^-^. 22, 6 = n,r + ^ovBiji26=2(j2-l). 

23. tf = (2« + l)|or»Mr-rJ. 24. e = (2«+l)j. 
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25. 6 = mrdM-- or nir^Y^. 26. - = ww or 2n7r± ~. 

27. = ^^, 28. ^ = W7ri^orwir=fc^. 29, O^nir^- 

o 4 o 4 * 

30. = n7r or mr+ -r-. 31. sin — = 0, or cos ^ = 0, or cos - = 0. 
4 ^ 2 

32. cos 6 + sin 35 = 0, that is, cos 5 = cos (s$ + 1 j . 

33. 2e = 7i7rdb— . 34. Bin5 = -1, orsin^ = 0, ortanj:=2. 

35. 25 = (27i+l)^, or75 = W7r+(-l)-g. 

It should be remarked that answers may be given under 
appai'ently different forms; thus, for example, suppose we have to 
solve the equation sin 20 = cos 5, or 2 sin cos = cos 0, 

this gives 5 = 27i7r±^ and 5 = W7r + (- 1)"-^ ; 
J 6 

but we may write the equation cos ( ^ — 25 ) = cos 6 ; 
therefore ^ - 25 = 2nir ± 5. 

X. pages 100-104. 1. ^^ . 2. 243^9 = (V3)^ 3. 7; -4; -J. 

4. 1-06. 6. 3;-l. 10. jj" [|^ jl"(|+ - =^"^- 

12. 2aJ-a=2n7r±^. 13. a? = a cos (a - )8) or - a cos (a + )8). 

•n* « 37r - - / ^\ f"^ ^ 

14. aj = 2n^±^ or 2w7r±-^. 15. cos(a;+ l)a= cos ( ^~q J • 

/ /?\ _ fi 

16. 



. aj = sec Ta - ^ or - 2 cos ^ sec a. 17. We can get 

in 2 a = sm 3a. 18. sin -^ = f - j ^sin ^ ; this gives tan ^ . 
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19. 



$ = WITT + ^ or (n - 1)^ = 2mir * « . 



w 



6 56 

20. c5O8^ = 0, or sin^ = 0, orcos— =0. 22. __. 

J Ji ID 

«.« *^ rtj.H^ — tt, 3^ + a _ 

23. w = 2. 24. sin' -^r— sin — ^r- = 0. 



31 



IT - -TT 



Write for x successively ^ - a; and ^ + a;. 

34. By Art. 114, tanM +tan'5 + tan*(7= 1 + ^(tan.1- tan ^)» 
+ i (tan ^ - tan Oy + i (tan C - tan ^)". 

36. cot J5 + cot (7 — cosec -4 

_sin(^ + 6') 1 _ sinM ~ sin B sin C . 
"~ sin B sin (7 sin A^ am A sin jB sin (7 * 

37. If A -hB + G^: 180', we have 

cos* -4 + cos* 5 + cos* (7 = 1 -2 cos -4 cos ^ cos (7 (1). 

Thus, if ^, By G are all acute, the sum of the squares of the 
cosines is less than unity. Hence if we require the sum of the 
squares of the cosines to be equal to unity, one or more of the 
acute angles must be diminished, so that their sum will then be 
less than 180'. 

38. From the value of sin (^ + J5 + (7), given in Art 113, it 
will follow that 

sin A + sin ^ 4- sin (7 — sin {A ■¥ B + G) 
= sin A (1 -cos B cos (7) +sin B (1 -cos A cos (7)+sin (7(1- cos^ coaB) 

+ sin A sin B sin G ; 
and every term of this expression is positive. 

39. c~« . 40. zero. 41. It depends on (1 - cos ^)*(1 + 2 cos 6) 
being greater than zero. 

XII. pages 141-145. 3. tan ^ = Z^ll±^ 

COS a cos a 

1 

4. 1; i. 5. cot^-cot^ = -^ — -. 

^ 2 sm 6^ 

^- Jl I-) • 7- «' = *'• 8. «• + 6' + J,- = 1. 

V c + 1 sm* 
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11. a' + 6*-2c = 2. 12. a? + ^ = a'(l-\-^. 

13. cotc = --i U. -, + ^ = 1. 15. 6*=a'-2accos2<j!^ + ^». 

1 9. {mn)l {ml + n«} = 1. 20. |^ + ^s' = 1. 

29. sin ^ siu <^ = £dn a sin )8, 

XT- r >! • a ^ >! . 4^ sm*asin')8 

therefore 4 sin" ^ - 4 sm* ^r = . , . , 

2 2 sm'<^ 

XT- r i • 4 ^ i . 2 ^ t 1 sin'a sin'jS 

therefore 4 sm* ^ - 4 sm* -:; + 1 = 1 —^. — \ 

2 2 sm <^ 

cot'l 
and sm'<^= ; therefore 

cot* ^ + cos*)8 

28in"|-l = =fc /{l-4sin*^(oot'^+<x)s»i9)sin»/3|^ 

this reduces to 2 sin* • - 1 = ± Tl - 2 sin* ^ siii'y3 j . 

30. n must lie between — 2 and - 1 or between 1 and 2. 

31. By Art. 1 14 we may suppose x = tan A, y = tan £, z = tan C, 
where .1 + 5 + 0=180^ Therefore 2^ + 2-5 + 20= 360^ 
and tan 2A + tan 2£ + tan 2(7 = tan 2 A tan 25 tan 2(7. 
This gives the required result. 

32. I? sin c = sin ;2; = — sin 05 cos y - cos a? sin y 

= — V sin a cos y — v sin b cos a?, or sin a cos y = — sin c — sin b cosoj; 
and sin a sin y = sin 6 sin x; square and add, thus 
sin* a = sin* b + sin* c + 2 sin 6 sin c cos a ; therefore 



cos X = - 



2 sin 5 sin c 
Similarly cosy and cos« may be found. 

33. e ^^. 

XXL . .18 
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37. We have universally 

sin* {A-\-JB) = srn^A + sin*^+ 2 sin A sin ^ cos (A + ^) (1); 

also in the present ease sin*ii + sin*J? = cos*(7 (2). 

If -4 + i? is greater than 90', then a fortiori A-\-B + C is so also. 
If -4 + ^ is less than 90**, then sin* {A + B) is greater than 

sin*-4 +sin*J? by (1), that is, greater than cos* (7 by (2); 
therefore A+ B is greater than 90* - C. 

XIIL pages 152—155. 

IT 

5. Let Yj = aso that the angles of the triangle are 2a, 4a and 8cu 

Then the ratio of the greatest side to the perimeter 
sin 8a sin 8a 

sin 2a + sin 4a + sin 8a sin 2a + sin 4a + sin 6a 
__ 2 sin 4a cos 4a __ sin 4a 

2 sin 3a cos a + 2 sin 3a cos 3a cos a + cos 3a 
2 sin 2a cos 2a 



2 cos 2a cos a 



: 2 sine 



^ sin2tf + sm4d a + c ^^ - ^ ^ a + c 

S r—TTTi = —J— , therefore 2 cos ^ = —j— . 

sin 3^ 

21. sin tf + sin <;^ = 2 sin (^ + ^) ; therefore cos — ^ = 2 cos ' 

^ ^ . , d> 
therefore cos ^ cos ^ = 3 sin ^ sm ^ ; 



sm gsin -^j 



therefore (l - sin*^^ (l - sin»|) = 9 

therefore 8 sin* ^ sin* ^ = 1 - sin* ^ - sin* ^ ; 

therefore 16 sin*^ sin*^ = 2-2 sin*^ - 2 sin*^ = cosO + cos<;^. 

Or thus, cos^ = ^-i — and 5 = —^; 
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- ^ a — c h 5a "Zc 
therefore cos d = + ^t" = — ~a i 

. 5c-3a 

similarlj cos 9 = — j — . 

37. This will follow from examples 20 and 21 of Chapter viii. 

40. We have to shew that (6 + c - a) (c + a - 6) (a + 6 - c) is less 
than ahc except when a = 6 = c. By squaring, this amounts 
to shewing that {a' - (c - 6)'} {6» - (a - cy}{c^ - (a - 6)'} is less 
than a^h'c^i and each £su:tor on the left-hand side is less than 
the corresponding factor on the right side except when a=6=c. 

XIV. pages 166—169. 1. ^ = 30%r 150°. • 2. 30^ 90*. 
3. 45^ 60^ 75». 4. The triangle is impossible. 

5, B = d0'yC = 72\c=4:J{5 + 2j5). 6- ^=45° or 135*. 

7. From Art. 235 we have c + c =2h cos A and cc' =V- a*. 

8. 6* sin -i cos ^. 11. No ; the triangle is right angled. 

12. Wegetsine = ^^-^sinJC; 

- a + 6 sin ^1 + sin -ff cos h(A-B) 

also = v—p^ = •. n ' 

c sin (7 sm ^ (7 

13. c" = a* + 6' - 2ab cos C={a-'hy + iab sin"i C; Ac. 

14. 9-6733937. 15. 132" 34' 32". 16. 55' 46' 16". 
17. 78° 27' 47". 18. 119° 26' 51"; 5° 33' 9". 

19. 69* 10' 10"; 46° 37' 50". 20. 116° 33' 54"; 26° 33' 54". 
21. 82° 10' 50"; 50° 24' 10". 22. 124° 48' 59"; 3S° 11' 1". 
24. 48° 11' 23"; 58° 24' 43"; 73° 23' 54". 

26. 70' 53' 36"; 49" 6' 24". 27. 38» 12' 47"; 21" 47' 13". 

28. 26° 33' 54". 29. 69" 49' 36"; SO" 10' 25". 30. 30*orl6». 
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XY. pages 175 — 181. In order to solve some of these ex- 
amples the student must be acquainted with the Mariner's Com- 
pass. In the Mariner's Compass the circumference of a circle is 
divided into thirty-two equal parts, so that each part subtends at 

the centre of the circle an angle of -— - degrees, that is, an 

angle of 11^". The following names are assigned to the points of 
division of the circumference, North, North by East, North 
North East, North East by North, North East, North East by 
East, East North East, East by North, East, East by South, East 
South East, South East by East, South East, South East by South, 
South South East, South by East, South, South by West, South 
South West, South West by South, South West, South West by 
West, West South West, West by South, West, West by North, 
West North West, North West by West, North West, North 
West by North, North North West, North by West. 

1. 880 (3 + ^3). 2. -— yards. 8. The distance of the 

eye from the foot of the tower = h [ — r — ) . 10. Let 

X denote the required height ; then eliminate between 
x=b tan 0, a-^x = b tan {0 + y). 

11. 10,^(115) feet; neglecting the height of the observer's eye 

from the ground. 12. 40 ^^3 feet. 

13. Height 40 ^6 feet; 'distance 40 y{U) + J2} feet. 
18. 8 + 4 ;y2 miles per hour. 

22. Let A' be the height of the higher hill, h of the lower; then. 

- (c + 1) sin a sin B .K h! cot a' — c 

A= r-^-r-r r —^ andT- = -; r. 

sm(/^-a) ' h th<^o^i»li-¥\ 

23. 180 ^3 feet. 25. B = 60* or 120"; approximate error 6". 

2c sin a sin )8 sin (ft + )8) 
sin^a + sin*)^ — 2 sin a sin)^ cos (a + /?) * 
29. ^(a^ 4- 2ab cos a + V), 30. Suppose both lines OC 

and aC to fall within the angle i CB, Let AC=a,ACO = <l>; 
then from the triangles AGO and BOO we get 
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nn _ ^ sill (^ + tt) _ <* cos {ff> — p\ 

sin a ~" sin ^ 
Hence tan ^ is known and then sin ^ and cos ^. Thus we 
f BhaUget OC «'co8'(a + ^ 



sin'* a + sin*/i — 2 sin a sin /S sin (a + /i) ' 
A similar expression can be found for (yC* in terms of a 
and p. Then (/C'=OC'+d\ This finds a and then AB=aJ2, 

Or thus : find as above tan cfc = , — _->, — - — -I . 
' - ■ tanp(i~tana; 

Similarly ^ BCff ^^^^f^^,. 
•^ tan^ (1 -tan a) 

Then 0(70'= ~^-<^' and 00=ef cot OCO'=e^tan(<^ + ^')- 

Thus 00 is found; and then a can be determined. 
31. 104-93 feet 32, 63** 26' 6". 33. 30M0' 37". 

34. 296-40031 feet 

XVI. pages 192— 199. 1. 216. 2. ?5k^IL^). 

3. 6. 8. 7 to 3; 120* 25. ^(pg^) ; where ^ and 3^ are 
the given segments. 46. 82' 24' 39"; 22° 24' 39"; 
75° 10' 42". 60. Conversely, if this relation holds it may 
be shewn that the lines meet in a point. 

61, 52, 53, 64 follow from the converse of 60. 

XVII. pages 203—206. 1. - 1, ^3 - 4, - ^3 - 4. 

4. -2, 2^2 cos 9°, 2^2 cos 63°, 2^2 cos 81°,' 2^2 008 153°. 
7. Let X be the height of the balloon, and a, 6, c the sides of 

the triangle ABG', then 4c V - 36a'6 V + 9a*6V = 0. 

9. Less than 2 inches. 12. Suppose h the height of the 

tower, r the radius, x the distance of the first place of 

X 8 X — ct 
observation from the centre; then - = cosec5, 

T jO T 

= cosec~, A = a!tana, A = (a? - a) tan a. From these four 
2 

equations we may eliminate a?, and find h and r, and also the 

required relation between a, a, )8, )8V 13. From the pre- 
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ceding question - = cosec ^ ~ cosec ^ . If we suppose that 

an error 8 of the Bwrm sign is made in j8 and ^' these errors 
tend to compensate each other; the greatest possible error in 
r will be determined by supposing that errors of opposite J 
signs are made in ^ and fS, Suppose then that instead of ^ 
P we ought to have )3 — S, and instead of pf we ought to have 
pf-^h. Then by Art. 1 94 we shall find 

--■^ Bin'^/ sm*|sin«^ 

Divide by the value of - and the required result ia obtained. 
14. If PQ = a and QR = h, it may be shewn that 

JSQ'~ 4.a'b' 4a*6' '^^ 

then the change in SQ arising from a small change in fi can 
be calculated. 

XVIII. pages 207— 210. 2.1. 7. g^. 18. ««= ^(5-2^2). 
19. x==^^^. 20. « = Oor±i. 21. a;=Oor±i. 

22. a; = -^. 23. « = *! or ±(1*^2). 

24. a; = aora'-a+l. 28. x = 2. 30. » = !, y=2; 

a:=2, y = 7. 

34. nir + (-l)""^"J, or(m + w)7r + (-l)"^. 

35. (2rn-wi)ir±~. 

XXII. pages 246—249. 
1. Usesin'a=|(l -cos2a). 2. Use sin' a = ;J (3 sin a -sin 3a). 

^ n cos (2tf + wa) sin Tia ^ , , o/i on+i/ix 

5. s cos a + ^ ^ . ^ . 9. i (cos 20 - cos 2"*" ^). 

2 2sina ^^ ' 
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10. eoo&^^cos($ + coa$8mO). 12. ^{€^^-\-e~^^^)coa{cosO). 

15. sin tf - cos tf + e«»i^* cos^ cos {0 + sin* 6). 

20. 2»-'sin A.Jsin2^. 21. tan^-tan^. 

^^- J^JO'sW^' ^^- cosec^{cot^-cot(«+l)^}. 

24. cosec^tf + ^)N^(^ + 1) (^ -^ i) -*an(fl + j)J, 

25. --tan-^ J—. 26. tan-»nar. 27. i f cos ^, - cos 4aV 
4 n+l 2\2'* / 

28. J cosco {tan (w + 1) ^ - tan 0}. 

29. jcosec^jsec — o~~^ ^ ~~ ^^^ o] ' ^^* 7)^^*0-*^^°* "o" r • 
31. cof*|-cot"*^?^a. 32. cos d- sin ^ cot 2"^. 

Qo 7 o . o/i log 2 sin 2*^'^ 
33. log2sin2^ ^ — ^^ . 

XXIII. pages 265—267. 1. When n = 2 the sum of the first 

series is -^ , and the sum of the second series is -5-. When w = 4 
o 

TT* 

the sum of the first series is ^ , and the sum of the second series 

is ^. These results are obtained by expanding the values of 

og — ^— and log cos ^, which are given in Arts. 274 and 320, in 
u 

powers of 9, and eqtiating the coefiicients of like powers. 
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